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ABSTRACT
This paper studies resultants of skewly composed polyno-
mials, obtained from n homogeneous polynomials by replac-
ing their variables with n + 1 other homogeneous polyno-
mials, called the inner components. It is shown that the
resultant of such composed polynomials is a nested resul-
tant where the inner resultant only depends on the inner
components. This work can be considered as a continuation
of Jouanolou’s and Cheng/McKay/Wang’s works on resul-
tants of composed polynomials, who consider non-skewly
composed polynomials obtained by composing n homoge-
neous polynomials with n homogeneous polynomials. Inter-
estingly, in their case the composition structure causes the
resultant of composed polynomials to be a power product
of resultants, whereas in the current work it is a completely
different nested resultant.

Categories and Subject Descriptors
I.1.1 [Computing Methodologies]: Symbolic and Alge-
braic Manipulation—Expressions and Their Representation

General Terms
Theory

Keywords
Composition, Composed Polynomial, Skewly Composed, Re-
sultant

1. INTRODUCTION
Resultants have been extensively studied [12, 23, 6, 4, 7,

15, 17, 24, 8, 18, 33, 22, 11, 2, 20] because they are funda-
mental in solving systems of polynomial equations. Recent
research is focused on utilizing structure of polynomials, nat-
urally occurring in real life problems, for example, Newton
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polytope structure and sparsity [34, 14, 13, 10, 5, 35, 3, 30,
20] as well as composition [25, 17, 26, 8, 19, 16, 28, 27, 29, 9].
This paper is part of the author’s work studying how resul-
tants are affected by composition structures. The problem
considered in the current paper is entirely different from the
ones of the previous papers [16, 28, 27, 29, 31, 32, 9] by the
author and his co-author’s.

Let us start with some introductory remarks concern-
ing the problem. Jouanolou [17] and Cheng/McKay/Wang
[8] studied the projective (dense, Macaulay) resultant of
composed polynomials h1 = f1 ◦ (g1, . . . , gn) , . . . , hn =
fn ◦ (g1, . . . , gn). Note that the composed polynomial hi is
obtained from the homogeneous polynomial fi in the vari-
ables y1, . . . , yn by replacing, for all j, the variable yj with
the homogeneous n-variate polynomial gj . It is shown in
[17, 8] that

Res d1e,...,dne (h1, . . . , hn) =

(Res d1,...,dn(f1, . . . , fn))en−1

×

(Res e,...,e(g1, . . . , gn))d1···dn ,

where di is the total degree of fi, e is the total degree of
the gj ’s and, as usual, Res d1,...,dn (f1, . . . , fn) denotes the
projective resultant of the polynomials f1, . . . , fn.

The current paper carries on the works of Jouanolou and
of Cheng/McKay/Wang on resultants of composed poly-
nomials. It considers composed polynomials of the form
fi ◦ (g1, . . . , gn+1), for i = 1, . . . , n. That is, instead of fi

composed with only n polynomials, it considers fi composed
with n + 1 polynomials. We call such polynomials “skewly
composed” because the numbers of fi’s and gj ’s do not
agree. It is easy to see that the resultant of such skewly com-
posed polynomials does not have such a nice factorization
as in Jouanolou’s and Cheng/McKay/Wang’s case. Still,
the resultant has some structure. The current paper finds
that the resultant of such skewly composed polynomials is
a certain nested resultant, where the inner resultant only
depends on the polynomials g1, . . . , gn+1 (see the main the-
orem, Theorem 1).

Next we outline the structure of the paper. Section 2 gives
the main result of the paper and Section 3 proves it.

2. MAIN RESULT
We assume that the reader is familiar with the notion of

projective (dense, Macaulay) resultant [23, 10]. As usual,
we let the symbol Res k1,...,kn (h1, . . . , hn) stand for the pro-
jective resultant of homogeneous polynomials h1, . . . , hn in
the variables (x1, . . . , xn) of total degrees k1, . . . , kn.



Furthermore, the symbols fi denote homogeneous polyno-
mials in the variables y1, . . . , yn+1 of total degrees d1, . . . , dn

and the symbols gj denote homogeneous polynomials in the
variables (x1, . . . , xn) of total degrees e. Moreover, fi ◦
(g1, . . . , gn+1) denotes the composed polynomial obtained
from fi by replacing yj with gj for all j.

The main theorem contains three different resultants which
eliminate different variables. The variables can be deduced
from the context. Nevertheless, in order to avoid any confu-
sion, we state the variables explicitly. That is, subsequently
it is understood that the resultants

Res d1 e,...,dn e (h1, . . . , hn)

and

Res e,...,e (y1g2 − y2g1, y1g3 − y3g1, . . . , y1gn+1 − yn+1g1)

eliminate the variables (x1, . . . , xn). Whereas, the resultant

Res d1,...,dn, en−1 (f1, . . . , fn, v)

eliminates the variables (y1, . . . , yn+1).
Now we are ready to state the main theorem.

Theorem 1 (Main Theorem). Let hi denote the com-
posed polynomial fi ◦ (g1, . . . , gn+1), for i = 1, . . . , n. Then

Res d1 e,...,dn e (h1, . . . , hn) =

Res d1,...,dn, en−1 (f1, . . . , fn, v) ,

where v = (−1)n en−1

×

Res e,...,e (y1g2 − y2g1, y1g3 − y3g1, . . . , y1gn+1 − yn+1g1)

y
(n−1)en−1

1

.

Remark 2. Naturally, one wants to know what object
the expression v of Theorem 1 represents. The reader fa-
miliar with implicitization of surfaces may recognize this
expression because it can be used for implicitization of cer-
tain surfaces [1]. Lemma 12 in Section 3 also studies the
expression v. It shows that v is the toric resultant [10] of
the polynomials y1 − g1, . . . , yn+1 − gn+1. Computationally
it is advantageous that this toric resultant can also be com-
puted by a projective resultant via the formula for v. Since
the projective resultant contains one polynomial less, it is
expected that this formula can be used to more efficiently
compute the toric resultant. (Also note that the denomina-
tor variable y1 in v is arbitrarily chosen. From the proof in
the next section it is obvious that one could derive similar
formulas to have any other variable yj in the denominator.)

Example 3. Let n = 3 and f1, f2 and f3 be homoge-
neous polynomials in the variables y1, y2, y3, y4 of respective
total degrees d1 = 2, d2 = 3 and d3 = 4. Furthermore, let
g1, g2, g3 and g4 be 3-variate homogeneous polynomials of to-
tal degree e = 5. Furthermore, let hi stand for the 3-variate
homogeneous composed polynomial fi◦(g1, g2, g3, g4). Then,
by Theorem 1,

Res 10,15,20 (h1, h2, h3) = Res 2,3,4, 25 (f1, f2, f3, v)

with

v = −
Res 5,5,5 (y1g2 − y2g1, y1g3 − y3g1, y1g4 − y4g1)

y50
1

.

3. PROOF OF THE MAIN RESULT
Even though the statement of the main theorem, Theo-

rem 1, does not require toric resultants [10], its proof benefits
from toric resultant theory in Lemmas 6 and 9. Therefore we
assume that the reader is familiar with the notion of toric re-
sultant. The other lemmas in this section, besides Lemma 6
and 9, are designed to only use projective resultant theory
which makes the proofs quite short.

Before we start proving, we state some necessary notation.

Notation 4. Let fi stand for a homogeneous polynomial
of total degree di in the variables y1, . . . , yn+1 with indepen-
dent symbolic coefficients, for i = 1, . . . , n. Moreover, let gj

stand for a homogeneous polynomial of total degree e in the
variables x1, . . . , xn with independent symbolic coefficients,
for j = 1, . . . , n + 1. Moreover, let hi be the composed poly-
nomial fi ◦ (g1, . . . , gn+1).

Notation 5. In the subsequent lemmas we will study
three different resultants for which we fix the following sym-
bols.

• Let

r := Res e,...,e (y1 − g1, . . . , yn+1 − gn+1) ,

where the yj ’s are new independent symbols. Note
that this resultant eliminates the variables xi of the
polynomials yj − gj .

• Let s stand for the toric resultant of the polynomials
yj − gj with respect to their natural supports B for
the variables x1, . . . , xn. More precisely, B is the set
of all exponent vectors for monomials in x1, . . . , xn of
total degree e and the origin (0, . . . , 0). Furthermore,
we normalize the toric resultant of the polynomials
xe

1, . . . , x
e
n, 1 with respect to the supports B to be 1.

• Let

t := Rese,...,e(y1g2 − y2g1,

y1g3 − y3g1, . . . , y1gn+1 − yn+1g1).

Note that this resultant eliminates the variables xi

from the polynomials y1gj − yjg1.

We will see subsequently that it is important for the proof
of the main theorem that the polynomials in Notations 4
and 5 have independent symbolic coefficients. This assump-
tion allows to formulate statements such as s is irreducible
in Lemma 6, where s is considered as a polynomial in the
symbolic coefficients of the gj ’s and in the symbols yj .

Now we are ready to prove lemmas.

Lemma 6. We have r = se, where s is an irreducible
polynomial, known as the toric resultant of the polynomials
y1 − g1, . . . , yn+1 − gn+1.

Proof. The formula r = sl, follows directly from (n+1)
applications of Theorem 1 of [30], similarly to the proof
of Corollary 5 of [30]. In this formula the exponent l is
the lattice index of the integer lattice L generated by B
in the lattice Z

n+1 of all integer points. Since the volume
of the fundamental parallelotope of the lattice Z

n+1 is 1,
the index l equals the volume of the fundamental parallelo-
tope of the lattice L. Observe that the lattice L is gener-
ated by the vectors (e, 0, 0, . . . , 0), (e − 1, 1, 0, . . . , 0), (e −



1, 0, 1, . . . , 0), . . . , (e − 1, 0, 0, . . . , 1). Therefore the index l

equals the determinant
˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

e e − 1 e − 1 · · · e − 1
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0 0 1 · · · 0
...

...
...

...
0 0 0 · · · 1

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

= e.

The next lemma shows an important property of the sup-
port of the polynomial s.

Lemma 7. The polynomial s is homogeneous in y1, . . . , yn+1

of degree en−1.

Proof. We determine the degree of the leading mono-
mial of

p := Res e,...,e (λ · y1 − g1, . . . , λ · yn+1 − gn+1)

in the new independent variable λ and show that this leading
monomial divides p.

By the homogeneity, of degree γ := (n + 1) en, of the
resultant p, and by the homogeneity of gj , we have that p

equals

λ
γ Res e,...,e

“

y1 − g1(λ
−

1
e x), . . . , yn+1 − gn+1(λ

−

1
e x)

”

,

where gj(λ
−

1
e x) stands for gj after substituting λ−

1
e xi for

each variable xi. Moreover, by the Poisson formula, we have
that p equals

λ
γ

“

Res e,...,e(g2(λ
−

1
e ), . . . , gn+1(λ

−
1
e ))

”e Y

η

g1(λ
−

1
e η) =

λ
γ

`

Res e,...,e(λ
−1

g2, . . . , λ
−1

gn+1)
´e

Y

ξ

g1(ξ) =

λ
γ − n en

(Res e,...,e(g2, . . . , gn+1))
e

Y

ξ

g1(ξ) =

λ
en

Res e,...,e (y1 − g1, . . . , yn+1 − gn+1) ,

where η and ξ ranges over the common roots of

y2 − g2(λ
−

1
e x), . . . , yn+1 − gn+1(λ

−

1
e x)

and respectively of

y2 − g2, . . . , yn+1 − gn+1.

Thus p is a multiple of precisely one monomial in λ of degree
en. Therefore by Lemma 6, the total degree of s in the yj ’s

is en

e
.

The statement of the next lemma requires the notion of
specialized composed polynomials. By specialized composed
polynomials h1, . . . , hn we mean that the symbolic coeffi-
cients of the fi’s and gj ’s in the composed polynomials are
replaced with actual constant values.

Lemma 8. For all specialized composed polynomials h1,

. . . , hn,

Res d1,...,dn (h1, . . . , hn) = 0 (1)

implies that

Res e,...,e, en−1 (f1, . . . , fn, s) = 0. (2)

Proof. Assume that Res d1,...,dn (h1, . . . , hn) = 0. Then

there is (x1, . . . , xn) 6= 0 with g1 = 0, . . . , gn+1 = 0 (3)

or

there is (x1, . . . , xn) 6= 0 and (y1, . . . , yn+1) 6= 0 with

f1 = · · · = fn = 0 and g1 = y1, . . . , gn+1 = yn+1. (4)

Now, let V, W1 and W2 denote the algebraic set of polyno-
mials f1, . . . , fn, g1, . . . , gn+1 satisfying (1), (3) and respec-
tively (4). With this notation, we have that V ⊆ W1 ∪W2.
Note that all the irreducible components of V are of co-
dimension 1 and that W1 is of co-dimension greater than
1. Thus V ⊆ W2. Furthermore, note that by reordering
existential quantifiers (4) implies that

there is (y1, . . . , yn+1) 6= 0 with (f1 = · · · = fn = 0 and

there is (x1, . . . , xn) 6= 0 with g1 = y1, . . . , gn+1 = yn+1)

and that the latter implies (2) by Lemmas 7 and 6.

The next lemma, Lemma 9, studies the resultant

Res d1,...,dn, en−1 (f1, . . . , fn, s)

which is equal to Res d1e,...,dne (h1, . . . , hn) of Theorem 1 as
shown by Lemma 10.

Lemma 9. The polynomial Res d1,...,dn, en−1 (f1, . . . , fn, s)
is the constant multiple of a power of an irreducible polyno-
mial.

Proof. We identify the set of tuples of homogeneous
polynomials f1, . . . , fn and g1, . . . , gn+1 of the total degrees
d1, . . . , dn and e, . . . , e with the corresponding space of co-
efficients. Furthermore, let V denote the set of tuples

(f1, . . . , fn, g1, . . . , gn+1)

such that Res d1,...,dn, en−1 (f1, . . . , fn, s) = 0. In order to
show the lemma, we show that the algebraic set V is irre-
ducible. To establish the latter, we show that a dense subset
of V has a rational parametrization.

We construct a parametrizable set W whose algebraic
closure is V as we will see below. Let f̃ = (f1, . . . , fn),
g̃ = (g1, . . . , gn+1), ỹ = (y1, . . . , yn+1), x̃ = (x1, . . . , xn),

Gỹ = {g̃ | there is x̃ with xn 6= 0

such that yj − gj = 0 for all j}

and Fỹ =
n

f̃ | fi = 0 for all i
o

. Then we define W to be

the union, over ỹ with yn+1 6= 0, of Fỹ ×Gỹ. Next we show
that V is the algebraic closure of W .

First we show that the algebraic closure of W is contained
in V . This follows because W is a subset of V by Rojas’
Vanishing Theorem [35, 16].

Next we show that V is contained in the algebraic closure
of W . Let Sỹ be the set of g̃’s such that s = 0. Furthermore,
let the set Z be the union, over ỹ with yh+1 6= 0, of Fỹ ×Sỹ.
We first show that the algebraic closure of Z is contained
in the algebraic closure of W and then that the algebraic
closure of Z equals V .

We start with observing that, for fixed ỹ, the algebraic
closure of Gỹ is the set Sỹ. (In more detail, notice that the
algebraic closure of the set C =

S

ỹ {ỹ}×Gỹ is
S

ỹ {ỹ}×Sỹ



by the definition of the toric resultant and by Rojas’ Vanish-
ing Theorem. Moreover notice that the algebraic closure of
C is also

S

ỹ {ỹ} × Gỹ, where Gỹ is the algebraic closure of

Gỹ. Since the sets {y}×Gỹ are pairwise disjoint, Gỹ equals
Sỹ.) Thus any polynomial that vanishes on W also vanishes
on Z. Therefore the algebraic closure of Z is contained in
the algebraic closure of W .

Now, let I be the union, over ỹ 6= 0 with yn+1 = 0,
of Fỹ × Sỹ. By Rojas’ Vanishing Theorem we have that
V = Z ∪ I where Z 6⊆ I and I 6⊆ Z. Also observe that
I is of co-dimension greater than 1. Furthermore, let R be
Res d1,...,dn, en−1 (f1, . . . , fn, s) and suppose that R can be
factored into a product p · q of polynomials such that p van-
ishes on Z but not on V and q vanishes on I but not on V .
Without loss of generality we assume p and q do not have a
polynomial factor in common. Now, the factorization p · q

implies that the set V has at least two distinct components
of co-dimension 1, the first one being the algebraic closure of
Z and the second one being the algebraic closure of I. How-
ever, this is impossible because I is of co-dimension greater
than 1. Therefore any factor of R that vanishes on Z also
vanishes on I. Therefore the algebraic closure of Z is V .

In order to obtain a rational parametrization of W we
solve for certain coefficients of fi and gj in the equations
fi = 0 and yj − gj = 0. (See also [21] for another use of

this idea.) Now, let ai, bj be the coefficient of y
di
n+1 in fi and,

respectively, of xe
n in gj . Furthermore, let f i be ai y

di
n+1 − fi

and gj be bj xe
n − gj . Then a rational parametrization of W

(and hence V ) is given by ai =
fi

y
di
n+1

and bj =
gj

xe
n

where

the variables xi, yj and the coefficients besides the ai’s and
bj ’s are considered as unconstrained parameters.

The next lemma is a first version of the main theorem,
Theorem 1. Subsequently, we will still convert the resultant
s into a resultant of fewer polynomials in fewer variables.

Lemma 10. We have

Res d1e,...,dne (h1, . . . , hn) =

Res d1,...,dn, en−1 (f1, . . . , fn, s) . (5)

Proof. Let q1 stand for the left-hand side of (5) and let
q2 stand for the right-hand side of (5).

By Lemma 8 and by Hilbert’s Nullstellensatz, qδ
2 = p q1,

for some positive integer δ and some polynomial p. Since
q2 is the constant multiple of the power of an irreducible
polynomial (Lemma 9),

q1 = λ q
ε
2, (6)

for some constant λ and some rational number ε.
Next we determine λ in (6) by specializing the fi’s and gj ’s

in (6). Replace fi with y
di
i and gj with xe

j , for j = 1, . . . , n.
Then q1 = 1. Furthermore, replace gn+1 with 0. Then by

Lemma 6, s = yen−1

n+1 and therefore q2 = 1. Thus λ = 1.
Next we determine ε in (6) by comparing the total degrees

in f1 of q1 and q2. These total degrees are d2e · · · dne and re-
spectively d2 · · · dn en−1 which are equal. Hence, ε = 1.

The next lemmas convert the resultant s into a resultant
of fewer polynomials in fewer variables.

Similarly to Lemma 8, the yj ’s and the symbolic coeffi-
cients of the gj ’s are specialized with constant values in the
statement of Lemma 11.

Lemma 11. For all constants y1, . . . , yn+1 and for all poly-
nomials g1, . . . , gn+1, we have that t = 0 implies that y1 =
0 or s = 0.

Proof. Assume t = 0 for fixed yj ’s and gj ’s. If y1 = 0,
then

t = Res e,...,e (−y2g1, −y3g1, . . . ,−yn+1g1) = 0.

Next assume y1 6= 0. Then there is a tuple (x1, . . . , xn) 6= 0
with y1 gj − yjg1 = 0, for all j. Now, let k := g1

y1
for such

(x1, . . . , xn). Then gj = k yj . If k = 0, that is, g1 = 0,
then gj = 0, for all j, and r = s = 0 by Lemma 6. If
k 6= 0, then by the homogeneity of the gj ’s and by Lemma 6,
r = s = 0.

The next lemma is not only a cornerstone for the main
theorem. It is also of independent interest. That is, it shows
that the toric resultant of the n+1 polynomials yj − gj , for
j = 1, . . . , n + 1 can be computed as the projective resultant
of n polynomials.

Lemma 12. We have t = (−1)n en−1

s y
(n−1)en−1

1 .

Proof. By Lemma 11, t = 0 implies that s y1 = 0.
By Hilbert’s Nullstellensatz, (sy1)

γ = p t, for some positive
integer γ and some polynomial p. Since s is irreducible by
Lemma 6,

t = λ s
δ
y

ε
1, (7)

for a constant λ and integers δ and ε.
We determine the values of λ, δ and ε in (7) by specializing

g1 to 0. Then

t = Res e,...,e (y1g2, y1g3, . . . , y1gn+1) =

y
n en−1

1 Res e,...,e (g2, g3, . . . , gn+1) .

Furthermore, by Lemma 9 of [28],

r = Res e,...,e (y1, y2 − g2, . . . , yn+1 − gn+1) =

Res e,...,e (1, y2 − g2, . . . , yn+1 − gn+1) y
en

1 =

(Res e,...,e(−g2, . . . ,−gn+1))
e

y
en

1 =

(−1)n en

(Res e,...,e(g2, . . . , gn+1))
e

y
en

1

and thus by Lemma 6,

s = (−1)nen−1

Res e,...,e(g2, . . . , gn+1) y
en−1

1 .

Therefore λ = (−1)n en−1

, δ = 1 and ε = (n− 1)en−1.

Remark 13. Note that (7) also follows from [1]. Thus
one could avoid using Lemma 11. However, since the proof
of this lemma is short we include it in the present paper in
order to make the paper as self-contained as possible.

Now we are ready to prove the main theorem.

Proof of Theorem 1. Note that Lemmas 5 and 12 are
stable under specialization of the symbolic coefficients of
the fi’s and gj ’s. Thus, by combining the two lemmas, we
have shown the main result, Theorem 1. 2



4. CONCLUSION AND OUTLOOK
We gave a formula for the resultant of skewly composed

polynomials, obtained by composing n homogeneous poly-
nomials with n + 1 homogeneous polynomials. Future work
might study resultants of other skewly composed polyno-
mials, obtained by composing n homogeneous polynomials
with k > n+1 homogeneous polynomials. It is still an open
question if Theorem 1 can be generalized to such cases.
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