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Abstract

The objective is to efficiently evaluate u-resultants for numerical u-
values (such as over a finite field). The u-resultant of n homogeneous
polynomials in n + 1 variables is defined to be the multi-variable re-
sultant of these n polynomials and a general linear form in the same
variables whose coefficients are represented by the symbols ug, ..., U,.
It is shown that the u-resultant can be extracted from a matrix that is
smaller than the standard Macaulay matrix obtained from the defini-
tion of the u-resultant. The ratio of the sizes of the standard Macaulay
matrix and of the matrix introduced by the current paper approxi-
mately equals the average of the total degrees of the homogeneous
polynomials. As expected, experimental timings show a substantial
speed-up when using the smaller matrix.
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1 Introduction

Resultants are fundamental in solving systems of polynomial equations and
therefore have been extensively studied [13, 26, 6,4, 7, 17, 19, 27, 8, 20, 37, 25,
12,1, 22,38, 15, 14, 11, 5, 39, 3, 34, 22, 28, 19, 16, 29, 8, 21, 18, 31, 30, 32, 35,
10]. The current paper is focused on u-resultants [4, 2, 39, 27, 11, 36, 9, 23, 24,
40] which have been part of resultant theory since its classical development.
Computation of u-resultants is being studied because u-resultants allow to
extract information about the common roots of systems of polynomials and
to compute the roots. We assume that the reader is familiar with the notion
of projective (dense, Macaulay) resultant [26, 11] because the u-resultants of
the current paper are defined in terms of projective resultants.

The goal of the current paper is to efficiently evaluate u-resultants for
numerical u-values (such as over a finite field). The u-resultant of n homo-
geneous polynomials in n 4+ 1 variables is defined to be the projective resul-
tant of these n polynomials and a general linear form in the same variables
whose coefficients are represented by the symbols ug, . .., u,. Evaluation of u-
resultants is an important operation needed in u-resultant-based algorithms
([27, 11]). In Section 2 the paper shows that the u-resultant can be extracted
from a matrix that is smaller than the standard Macaulay matrix obtained
from the definition of the u-resultant.

In order to motivate the results of this paper, let us consider the case of the
u-resultant of one polynomial h; in the variables xq and x;. The u-resultant of
this polynomial is the resultant of h; and the linear form hy = ugxg + vy 7.
It is easy to see that this u-resultant is hy (—uy, uo) which equals ud" times the
resultant of hl(—z—é x1, x1), where d is the total degree of hy. The current
paper generalizes this observation to the multi-variate case in Theorem 1.
This theorem seems to be quite fundamental. But the author did not find it
in the literature.

We explain the structure of the paper. Section 2 states the main theorem,
Theorem 1. Section 3 shows how to the main theorem is used to efficiently
evaluate u-resultants. Section 4 proves the main theorem.



2 Main theorem

We start with some required notation. Let hy, ..., h, be homogeneous poly-
nomials of total degrees d,...,d, in the variables xg,...,x,. Then, as
usual, Resg, .4, (ho, ..., h,) stands for the projective (dense, Macaulay) re-
sultant of the polynomials hy, ..., h,. Moreover, we restrict the polynomial
ho to be of total degree 1 with independent symbolic coefficients u;, that is,
ho = ugx1 + -+ + u,x, and dy = 1. Hence we define the u-resultant of
hi, ..., h, to be the resultant Resq, a4, (ho,- .., hn).
Now we are ready to state the main theorem.

Theorem 1 (Main Theorem) Let

Uy Unp

ilz‘ = hi(——a1— = — Ty, T1,...,Tp)
Uo U
fori=1,...,n. Then
Resgy....a, (hos .-, hy) = ud"™ Resq, . a, (hy, ... ). (1)
Note that h; in Theorem 1 is obtained from h; by replacing the variable zq
with the polynomial —Z—(l) Ty — - — 5—& Tp.

Example 2 Let n =2, d; = 3 and dy = 4. Then h; and h2~ are homogeneous
polynomials in the variables xg,x; and x5. Furthermore, h; = hi(—Z—é Ty —
2 o, T1, x9) and, by Theorem 1,

R€S173,4 (U1 T + Uo To -+ Us I3, hl, hg) = U(1)2 R€S374(i11, ilQ)
Remark 3 The u-resultant of (1) also equals

Resdl,...,dn (El, cee hn)

(n—1)dy-dn
Ug

(see Lemma 9), where
Ei = hi(—ulxl—---—una?n, qulw--aqun)' (2)

This formula avoids fractions inside the resultant operator.



3 Computational use of the main theorem

This section discusses the computational use of Theorem 1 for efficiently
evaluating u-resultants.

The next definition introduce some notions from the Macaulay-Canny
resultant algorithm which are used subsequently.

Definition 4 (Macaulay matrix) The reader is reminded that the Macau-
lay-Canny resultant algorithm computes the projective resultant [11] as the
quotient of two determinants of two matrices (or their generic perturbations
in degenerate cases [2]). The larger matrix is contained in the dividend of
this quotient. We call it the Macaulay matriz.

Obviously, u-resultants can be evaluated without the use of Theorem 1
simply by evaluating the definition [27].

Alternatively, Theorem 1 allows to evaluate the u-resultant via the right-
hand side of (1) if uy # 0. The formula of (1) is designed for cases when
the u;’s come from a field, such as a prime field occurring in computations in
homomorphic images, because it requires the evaluation of the inverse ug .
(For computations over rings, not-necessarily fields, the equivalent formula
from Remark 3 is better suited because it does not introduce fractions.)

Next we consider some practical aspects of Theorem 1. First we study
the sizes of the Macaulay matrices derived from (1). Then we give speed-ups
for experimental timings.

Sizes of Macaulay matrices

The following corollary compares the sizes of the Macaulay matrices derived
from the left-hand and from the right-hand side of (1).

Corollary 5 The ratio of the size of the Macaulay matriz of the left-hand
side of (1) over the size of the Macaulay matriz of the right-hand side of (1)

18 "
L+ >0, d

n

Proof: The size [26, 11] of the Macaulay matrix corresponding to the
resultant Resg, .4, (ho, ..., hy) of the left-hand side of (1) is
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Similarly, the size of the Macaulay matrix corresponding to the right-hand
side of (1) is
Z?:l d;
n—1 )"
Thus the ratio of the size of the left-hand side and the right-hand side is

(1 + Z?:l di)! / (Z?:l di)! o 1+ Z?:l d;
I+, di—n)nl /) O, di —n+D)!(n—1)! n '

O

Speed-ups using Theorem 1

The speed-ups when comparing the running times measured for evaluating
u-resultants without and with the use of Theorem 1 are listed in Figure 1.
The computations were carried out with Maple using the Macaulay resultant
package MR [33]. Random u-resultants over a 32-bit prime field with the
u;’s replaced by random field elements were computed in the unmixed case
for n = 2. Figure 1 shows substantial speed-ups for polynomials of degrees
up to 14. (Only for d = 1 there is a speed-up less than 1.) As expected
(Corollary 5), the speed-up grows as the degree d grows.

Degree d 1 2 3 4 5 6 7
Speed-up | 0.5 | 1.5 4.0 70| 133 234| 33.0

Degree d 8 9 10 11 12 13 14
Speed-up | 53.8 | 70.2 | 107.1 | 126.2 | 162.2 | 191.3 | 232.9

Figure 1: Speed-ups achieved by Theorem 1 in the unmixed case for n = 2

Thus we observe that Theorem 1 can be used to evaluate u-resultants
with much improved efficiency. The theorem seems particularly promising for
computations in homomorphic images, when many u-resultant evaluations for
many different prime fields are required, because the speed-ups will naturally
add up.



4 Proof of the main theorem
Before we start proving, we fix some necessary notations.

Notation 6 For the proofs of the lemmas we assume that all the polynomials
h; have independent symbolic coefficients, not only hg. This is an essential
assumption to be used subsequently.

Furthermore, let

hi = hi(—u1$1—"'—un$m qula‘”aqun)u

for i = 1,...,n, as in (2). The polynomial h; is the polynomial version of
the rational expression h; of Theorem 1.

Now we are ready to state lemmas.

Lemma 7 For all (specialized) polynomials h;, the vanishing of the resultant
Resg, . .4, (h1,..., hy) implies that either the coefficient ug or the resultant
Resq,....a, (hos ..., hy) vanishes.

Proof: Assume that Resg, g4, (hi,...,h,) = 0 and that ug # 0. There-
fore we can fix an (zy,...,2,) # 0 such that h; = --- = h, = 0. Now let
Ty = %O_“”x" Thus, by the homogeneity of the h;’s, hy =---=h,, =
0 and hy = upxg + - -+ + u,z, = 0. Therefore Resq, . a, (ho,-..,hn) = 0.
O

Next we derive a skeleton equation, (3), for Resg, . 4, (h1,- .., hn).
Lemma 8 We have
Resg,...a,(h1,... hy) = )\ug (Resay....a, (hoy - - hy)), (3)
for a constant \ and some integers 6 and e.

Proof: By Lemma 7, we have that the vanishing of the polynomial
Resg, .4, (h1,...,hy,) implies that the polynomial product

Uop Resdo,...,dn (h07 <y hn)

vanishes. Thus, by Hilbert’s Nullstellensatz,

(uo Resay...a, (hos- -, 1))’ = pResay.a, (b1, hy), (4)
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for some positive integer exponent v and some polynomial p. Notice that the
left-hand side of (4) is the irreducible factorization of the right-hand side of
(4) because both uy and Resg,.._ 4, (ho,- .., hy) are irreducible polynomials.
Thus the only irreducible factors of Resg,. a,(h1,...,h,) can be ug and
Resdo ..... dn(h07 ceuy hn) O

The next lemma specifies the indeterminate coefficient and exponents of
the skeleton equation (3).

Lemma 9 We have

,,,,, d,(hoy - hy).

.....

Proof: First we determine X in (3) by specializing h; to 2. For this
specialization, (3) becomes 1 = .

Next we determine € in (3) by comparing the total degrees in the coef-
ficients of hy in the left-hand and right-hand side of (3). Notice that the
total degree of the left-hand side is ko - - -k, and of the right-hand side is
kiky -k, =1-kg---k,-e. Thuse=1.

Finally, we determine § in (3) by comparing the total degrees in the
coefficients of hy. Notice that by the homogeneity of the h;’s the total degree
of the left-hand side is nd; - - - d,, and of the right-hand side is 6 + d; - - - d,,.
Thus 6 = (n—1)dy---d,. O

Now we are ready to prove Theorem 1.

Proof of Theorem 1: Theorem 1 follows by specializing the polynomial
coefficients of the h;’s in Lemma 9 and by taking into account the multi-
homogeneity of the resultant and the homogeneity degree d; of the h;’s. [

5 Conclusion and future directions

We have shown that one can evaluate the u-resultant efficiently by using a
matrix that is smaller than the standard Macaulay matrix. Future directions
may include generalizing the techniques of the current paper to the toric
version [39] of the u-resultant.
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