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Abstract
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1 Introduction

Resultants are fundamental in solving systems of polynonti@aquations and
therefore have been extensively studied ([11], [23], [&4).[[7], [14], [19], [24],
[8], [20], [33], [22], [10], [2]). Recent research is foadis®n utilizing structure
of polynomials, naturally occurring in real life problemsfor example, sparsity
([35], [13], [12], [9], [5], [36], [3], [31]) as well as consjtmon ([25], [19], [26], [8],
[21], [18], [29], [28], [30]). This paper is part of the autins work on utilizing
composition structures. (See [18] and [27] for more detallenotivations for
composition structures.)

The focus of the current paper is entirely di erent from the me of the previous
papers ([18], [29], [28], [30])) by the author. The previousapers considered
\fully" composed polynomials, That is, multivariate compcsed polynomials
such ash; = f1 (Q1;02%), h2 = f2 (91i%; ) and hs = f3 (015 %; Gs),
where each composed polynomidl; is obtained from the polynomialf; in
the variablesys;y,; ys by replacingy; with the bivariate polynomial g . Note
that each composed polynomial has the same inner componegisg,; gs. In
contrast, the current paper considers \partially" compose polynomials where
only one polynomial has a composition structure. In detailby two partially
composed polynomial$; and h,, we mean a bivariate homogeneous polyno-
mial h; that does not have any composition structurand a bivariate homo-
geneouscomposed polynomiah, = f, (g;;g) that is obtained from the
homogeneous bivariate polynomidl, in the variablesy; and y, by replacing
y; with the bivariate homogeneous polynomiag; . (Of course,g; and g, are
required to have the same total degrees to ensure thaj is homogeneous.) A
preliminary version of this article has appeared in the CASQ004 proceedings.

The ndings of the current paper are also quite di erent fromprevious ndings
([18], [29], [28], [30])). The previous papers have detemeaid the irreducible
factors of projective (Macaulay) or toric (sparse) resultats of fully composed
polynomials. In contrast, the current paper nds that the projective (dense,
Sylvester/Macaulay) resultant of two partially composedpolynomials h; and
h, is a certain iterated resultant. More precisely, it is the rsultant of the poly-
nomialsf, andf ,, wheref ; is the resultant of certain polynomials derived from
the component polynomialsh;, g; and g,. Interestingly, we nd two di erent
natural formulas forf 1, one involving a projective (dense, Sylvester/Macaulay)
resultant and another one involving a toric (sparse) resudint. Moreover, we
show in experiments that for many cases this iterated resaltht can be com-
puted, over the integers modulo a prime, with dramaticallymproved e ciency.

The motivation for considering partially composed structtes originates in the
observation that composed structures (nested polynomialirfictions) are quite
irregular in practice. The study of partially composed polgomials of the cur-



rent paper is an approach towards utilizing arbitrary compsition structures
for e cient compuation, in contrast to regular ones studiedin previous works
([18], [29], [28], [30])).

This work can also be considered as a completion of works ([2&d [26]) by

McKay and Wang. In [25] they study resultants of two inhomogeeous com-
posed polynomials as well as two inhomogeneopartially composedpolyno-

mials (in Theorem 7 of [25]). Additionally, in [26] they stug the homogeneous
generalization for the case of two composed polynomials. \mever, theyignore

the case of twohomogeneous partially composegolynomials. Furthermore,

they do not address e cient computation of partially compo®d polynomials.

In fact, their presentation of their result (Theorem 7 of [2} does not allow an
immediate computational application. Also note that Jouawolou's work [19]

that considers resultants of composed polynomials in Semti 5.12 ignores the
partially composed case as well.

Note that the main theorem of the present paper (Theorem 1) cabe consid-
ered a generalization (to the homogeneous case) of Theoremf The work [25]
by McKay and Wang. When applying Theorem 7 to dehomogenizegeacial
partially composed polynomials we get a result equivalenbtthe application
of the main theorem of the present paper. Let us elaborate.st, we precisely
state Theorem 7 of [25] in (1). (For the sake of a more uniformr@sentation,
with respect to the current work and to the previous works [18[29], [28], [30]
of the current author, we use di erent symbols for the polynmials than in

[25].) Let F, be a univariate polynomial andG and H; be univariate polynomi-
als. Then, the projective (dense, Sylvester) resultant ¢, andH, = F, G

is the resultant of the polynomialsF; and F,. Moreover the polynomialF,,

univariate in the variable y, is given by the following formula involving the
roots of H;. That is,

Fi= Hi (0 (v G( ) 1)

whered is the degree of the polynomialG, which be univariate in the vari-
ablex, and ranges over the roots oH;. (In (1) the value G( ) denotes the
evaluation of G in x = .) Now, note that the polynomialsF,; G and H; can
indeed be considered as a sub-case of the homogeneous poliaie subject
of the current paper. That is, they can be represented by apppriate ho-
mogeneous bivariate polynomial$;; g;; g, and hy whereF, = f,(g:i(x; 1);y),
0(x;1) =1, G = gx;1)andH; = hy(x; 1). The formula for F, di ers from
the corresponding formulas fof ; in Theorem 1 of the current paper. Never-
theless these formulas are equivalent. We defer the explaina to Remark 3
after stating Theorem 1.

The reader might wonder whether one can utilize compositiostructures for
other fundamental operations. In fact, this has already b&edone for some op-



erations. For examples, projective (Macaulay) resultaniGmebner bases ([32]),
SAGBI bases, subresultants and Galois groups of certain @rential opera-
tors have been studied respectively in [29], [16] and [1534], [17] and [1]
using various mathematical techniques. However, it seembat those tech-
niques cannot be applied to the study of resultants. Thereffe in this paper
we use mathematical methods that are essentially di erentrém those.

We outline the structure of the paper. Section 2 gives the mai(theoreti-
cal) results of the paper and Section 3 proves them. Furthewre, Section 4
discusses the computational e ciency of the main results.

2 Main results

We assume the reader is familiar with the notions of projeste (Sylvester,
Macaulay, dense) resultant, toric (sparse) resultant andupports of sparse
polynomials (see [9], [13], [35]).

Before we state the main theorem we x a few notations. Let; be a bivari-
ate homogeneous polynomial in the variables;; X, of degreee;. Let f, be a
homogeneous bivariate polynomial in the variableg,; y, of degreec,. Let g;
and g, be bivariate homogeneous polynomials in the variables; x, of equal
total degrees, denoted byd. Let the composed polynomiah, = f, (g1, %)
be obtained from the polynomialf , by replacingy; with g;. Note that we had
to assume thatg; and g, have equal total degrees in order to ensure thdt,
is homogeneous. Let Res:., and Res;.c,.c, respectively denote the projective
(dense, Sylvester/Macaulay) resultant of two bivariate hmogeneous polyno-
mials of respective total degrees; and c,, and the toric (sparse) resultant of
three not necessarily homogeneous polynomials with supmG;; G and G.

Now we are ready to state the main theorem.
Theorem 1 (Main theorem)

Res e, (h1;f2 (G %)) = Rescy, (Faif2); (2)
wheref ; is given by both equalities:

f1= Rese.qa(hy; Yoo  Y102); and (3)

fi=( D" Recoa(hyyr Gy @) (4)

In the above formulas, we have, = ¢, d and ¢; = €. Furthermore, the
set G is the support of a dense homogeneous bivariate polynomitidegree
e;. Thatis, G = f(e;;0);(er 1;1);:::;(0;e)g. Whereas the sets = G



consist of the origin and the support of a dense homogeneoustiate poly-

Moreover, we normalize the sign of the resultafites;.c,.c, such that we have
ReS:l;Cz;Ca(Xil;Xg; 1) = 1.

Remark 2 Note that the resultants in (3) and (4) eliminate that variables
X1; X rather than yi;y,.

Remark 3 The formula in (3) can be viewed as a generalization of McKay/'
and Wang's formula of (1). That is, (1) implies that, using tre notation of
Section 1,

Fi1 = Resea(Hiiy  G) = Resea(hi; 2 Y1@);
wherey, = vy,y1 =1, gi(x;1) = 1, go(x;1) = G and hy(x;1) = Hj.

Also note that McKay's and Wang's formula in (1) cannot be edly used
for computations because it involves the roots of the polynaal H;. On the
contrary to this, the formula in (3) does not involve roots ad thus can be
easily used for computations.

Remark 4 Since this paper considers projective (dense, Sylvesterddaulay)
resultants of partially composed polynomials, the reader ight nd it surpris-
ing that the polynomial f, is expressed in terms of a toric (sparse) resultant
(see 4) and not in terms of a projective (dense, Macaulay) d&ant. Indeed,
one can show thatf; is also related to a projective resultant. That is, Corol-
lary 5 of [31] implies that the powerf ¢ is the projective (dense, Macaulay)
resultant of hy,y; gy andg @ with respect to the total degreese;, d and

d (see Lemma 10).

Remark 5 Naturally, one asks how Theorem 1 is related to the well-knaow
formula for resultants of composed polynomials derived bg6] in the homoge-
neous bivariate case. It turns out that one can rewrite restants of composed
polynomials in terms of resultants of linearly combined pghomials by ap-
plying Theorem 1 twice. However, it seems that one cannot dee the main
result of [26] only by applying Theorem 1.

To illustrate the previous paragraph, in the following we aply Theorem 1 to
resultants of homogeneous bivariate composed polynomialgce. Let f; and
f, be homogeneous bivariate polynomial in the variableg;y, of respective
degrees; and c,. Let g; and g, be bivariate homogeneous polynomials in the
variablesx;; X, of equal total degrees, denoted bg. Then, by Theorem 1,

ReSgicd (1 (015 %) T2 (01 %)) = Rescacq (P f2); (5)

wherep = Res¢qq(f1 (01;%) ;Y201 Yi0) Which equals, by Corollary 5 of
[26], ( )% Res,qa (Y20  YiGifi (91 Q). Furthermore, by Theorem 1,



p = Resqyq, (0;f1), whereq = ReSqq (Y201 Y102 2201 Z2102), Wherez; and
Z, are new distinct variables. Therefore, indeed, one can usdéndorem 1 to
rewrite the resultant of two composed polynomials in termsfothe resul-
tant of two linearly combined polynomials. If one factorsg into ( y,z;
y125)% Resyq (01; @), applying Lemma 7 of [26], and if one utilizes the bi-
homogeneity of the resultant, one can simplify (5) to obtairMcKay's and
Wang's formula

Ci1C2

Resaca (f1 (01:0)if2 (0130) = ReScy, (f1if2)? Resya (0 o)
for resultants of two homogeneous bivariate composed pobmials ([26]).

Remark 6 In the following subsection, \Computational application d the
main theorem”, we will use Theorem 1 for e ciently computing resultants
of partially composed polynomials. The reader will noticehat we will not
utilize (4). It is important to point out that we have stated (4) because it is
of independent theoretical interest. That is, it makes an gdicit connection
between projective (dense, Sylvester/Macaulay) resultéof two polynomials
and bivariable toric (sparse) resultants of three polynorais.

3 Proof of the main theorem

In this section we prove Theorem 1. First we prove (2) and (3)hen we prove
that the right-hand side of (3) equals the right-hand side of4).

Proof of (2) and (3) of Theorem 1
We start with an auxiliary lemma.

Lemma 7 SupposeRes., q(h;;0) 6 0. Then the leading coe cient, with
respect to the variablez, of the polynomialRes., .4 (h;; &  z @) equals the
resultant Ress,.q (h1; g2) and the degree ire of the polynomial ise;.

Proof: Let p(z) = ReSg.q(h1; &1 z@). By the bi-homogeneity of the
resultant, the degree ofp is at most e;. Therefore, if p"(1;0) 6 0, where
P (y1;Y2) = Y5 p(z—;), then the leading coe cient of p is p"(1;0) and its de-
gree ise;. Sincep"(1;0) = Rese,.q(h1;g) 6 0, we have shown the lemma2

Now we are ready for the next lemma, Lemma 8, which shows (2)@K3) of
Theorem 1.



The proof of Lemma 8 extends and generalizes the proof of Them 7 of [25].
Note that there is an interesting di erence between the two mofs. The proof
of Lemma 8 in a rst step shows the lemma for polynomials withysnbolic
(algebraically independent) coe cients and only in a seca step it shows
the lemma for polynomials with arbitrary coe cients. Whereas, the proof of
Theorem 7 of [25] shows the theorem for polynomials with atbéary coe cients
without any rst step dealing with symbolic coe cients (compare Remark 3).
This approach allows avoiding case distinctions in the prdo

It is also important to point out that one can nd a di erent ex tension of the
proof of Theorem 7 of [25] in the literature. That is, in [26]McKay and Wang
extend the techniques presented in [25] in order to derive aquuct formula for
resultants of two homogeneous composed polynomials (searRek 5). This
extension is di erent from the one included in the proof of Lexma 8. Moreover,
it seems not possible to utilize the extended proof techniga presented in [26]
to prove Lemma 8 of the current paper.

Furthermore, note that the proof of Lemma 8 is di erent from the proofs of
the results of other papers ([19], [8], [21], [18], [29], |2830]) deriving product
formulas for various resultants of composed polynomials.

Lemma 8 We have
Res e, (N1;f2 (01, %)) = Resg ., (f1;12);

where

f1 = ReSgq(h1; Y201 Y1 O):

Proof: Let us rst assume that all the polynomialshy, f,, g; and g, have
distinct symbolic coe cients. Let x be a new variable. Then we have by
well known properties of the resultant ([23]) that Reg e, (N1;f2 (01, %)) =
Res; ., (h1(X; 1); T2 (g1; &) (X; 1)). Note that the resultant on the left-hand
side of this equality eliminates the variables; and x, from two homogeneous
polynomials. Whereas, on the right-hand side it eliminatethe variable x from
two univariate (not necessarily homogeneous) polynomialBurthermore, let
range over the roots ohy(x; 1). Then, sinceg,(; 1) 6 0 and by well known



properties of the resultant (see [25], [23]), we have

Restye, (hiifz (@) = MOD™ f2 () (5 )
MO fae(; el 1)
a(; 1),
®(; 1)
1)'1):

(1= (12 faf 1)

a(;

= Resaa(nig)™  fo(2 )

Now, observe that = % for some i

Y
(u(; 1) g2(; 1) =0:

Sincehy(1;0), the leading coe cient of hy(x; 1), does not vanish, the latter is
equivalent to

Res...q (h1(x;1); qu(x;1)  g2(x;1)) = O;

which is equivalent to Reg,.q (h1; 1 g2) = 0. Therefore and by Lemma 7,

Res e, (h1:f2 (G1: %)) = y
(Rese;;d (h1; @) fo(: 1) =
Rese a(h1501 92)=0
Resy;c, (ReSe;ia (h; i Yy @) faly; 1)) _
(Rese,q (hy; &) -
Rescc, (f1;f2):

(Rese, a (15 G2))

Therefore we have shown Lemma 8 for polynomials with symbokoe cients.

Next, observe that the formulas of Lemma 8 are stable under spalization.
Therefore Lemma 8 also holds for polynomials with arbitrargoe cients. 2

Proof that the right-hand side of (3) of Theorem 1 equals théght-hand side
of (4)

We assume that the reader is familiar with the notions of intger lattice a nely
generated by supports of polynomials, Newton polytope, spprt of a polyno-
mial, normalized mixed volume and normalized volume of pdiypes, normal-
ized with respect to the elementary simplex of an integer late, and lattice
index (see [9], [13], [35]).



Before we state some results, we x some notation. Let Rgsi,.q; (P1; P2; P3)
denote the projective (dense, Macaulay) resultant of threbivariate polyno-
mials p;, p. and ps in the variables x; and x, with total degreesd;, d, and
ds.

The next lemma relates the right-hand side of (3) of Theorem tb the bivari-
able projective (dense, Macaulay) resultant.

Lemma 9
Resa (N Y2 y1%) = 0
implies that
ReSe; (1 Y1 Gy Y2 Q) = O

Proof: Lety; andy, be such that Reg,.q (h1; Y201 Y1) = 0. Therefore
there is ( 1; 2) 6 (0;0) such that

hi( 1; 2)=0;
Y20:( 15 2)  YiQ( 15 2)=0: (6)

Fix such ( 1; 2).

First assume thatg:( 1; 2) = @( 1; 2) =0. Therefore the leading forms of
hy,y1 g andy, @, viewed as polynomials in the variables; and X, vanish if
X1 andx; arereplaced by ; and ;. Therefore Reg,.qq(h1; VY1 Ois Y2 @) =
0.

Next assume that :( 1; 2); ®( 1; 2)) 6 0. Then (6) implies that (y1;y,) =
(91( 15 2); @( 1; 2)), for some . Sinceg; and g, are homogeneous of
equal degree, we have thatyg;y,) = (g( 1, 2); R( 1; 2)), for some
. Note that also hy( 1; ») = 0 becauseh; is homogeneous. Therefore

Res,.ga(h1; y1 Gy y2 @) = 0.2

The next lemma shows how the right-hand side of (4) is relatetd the bivari-
able projective (dense, Macaulay) resultant.

Lemma 10 We have that

(Resq s (N yi 61 Y2 @) = ReSeaa(hi; yi g Y2 @)

Note that the magnitude of the exponent on the resultant

Resc o (i Y1 O Y2 o)



in Lemma 10 is not relevant for the proof of Theorem 1. Howevethe exponent
answers a natural question included in Remark 4. Therefordis exponent is
determined in Lemma 10.

Proof: Let D be the set of all integer points in the triangle with vertices
(0;0), (d;0) and (G; d). By Theorem 1 of [31],

Rese,.aa(h1; Y1 0 Y2 @) =(Resgpp(hi; yi G Y2 &)
Res (0:0)gf 0:0)g (Y15 Y2)

where is the lattice index of the integer lattice generated byG, and D in the
integer lattice of all integer points ;] ). Since the integer lattice generated by
G and D equals the integer lattice of all integer pointsi(j ), we have = 1.
Furthermore, by de nition, Res; 0.0)g: (0:0)g (Y1;Y2) = 1. Thus

ReSe;ga(h1; Y1 Gis Y2 &) = Resgopp (hisyr G Y2 O):

Now, by applying Theorem 1 of [31] twice, similarly to the prof of Corollary 5
of [31], we get that

Resgop(hi;ya 01 Y2 &) = (Resgoa(hi;yr O Y2 @)

where is the index of the integer lattice a nely generated byG, G and G in
the lattice of all integer points (;] ). Observe that the integer lattice a nely
generated byG = G is the set of all pointsk( 1;1) + [(0; d), wherek and |
range over the integers. This lattice includes the latticefaall points k( 1;1)
which is the lattice a nely generated by G . Therefore the elementary simplex
of the lattice generated byG,, G and G is the triangle with the vertices (Q 0),
(d 1;1) and (d;0). Its volume (area) is%. Next, observe that the volume
(area) of the elementary simplex of the lattice of all integepoints (i;] ) is %

— d-1 _—
Therefore = 5—% =d. 2

The following observation is important for showing that theright-hand side
of (4) equals the right-hand side of (3).

Observation 11 If hy, g; and g, have distinct symbolic coe cients, distinct
from the distinct symbolsy; and y,, then Resg.c,.c. (h1; Y1 Q1 Y2 @) IS
absolutely irreducible becausResg, .,.c, (h1; Y1+ 01; Y2 + Q) is irreducible by
de nition.

Even though the following lemma is well-known, it is preseetl here for the
convenience of the reader. We also note that the argument pided by the
lemma has already been used in another related publicatiofiL8]).

10



Lemma 12 Let p and q be (multi-variate) non-constant polynomials over an
algebraically closed eld. Furthermore, lep = 0 imply g = 0. Moreover, let
g be irreducible. Thenp = q , for a constant and a positive integer .

Proof: By Hilbert's Nullstellensatz, the polynomialqis in the radical gener-
ated by the polynomialp. That is, g = rp, for some integer and a polyno-
mial r. Since the polynomialq is irreducible, q is the irreducible factorization
of the polynomialr p. Therefore, the only irreducible factor of the polynomial
pisqg Thus,p = q , for a constant and a positive integer . 2

Now we are ready to show that the right-hand side of (4) equatke right-hand
side of (3).

Lemma 13 We have that

Res,a(h; Vo V1%) = ( D)* Resggig(hi; V1 G Y2 Q)

Proof: By Lemmas 9 and 10, for alhy, g1, @, Y1 and hy,

ReSe;.a (N1 Yo Y1) =0

implies that
Resg .o (M1 Y1 G Y2 @) = O:
By Observation 11 and Lemma 12, we have that

Res,.a(h1; Yo YiQ) = (Resg.ccs (h1; vy Qi Y2 @)

where is a factor only depending onG, G and G. In the following, we
determine the constants and

In order to determine the exponent , we compare the total degrees in the
coe cients of h; of the left-hand side and of the right-hand side of the above
equality. The total degree of the left hand-side igl. Furthermore, the total
degree of the right-hand side is times the mixed volume, normalized with
respect to the integer lattice a nely generated by G, and G, of the Newton
polytopes generated byG and G. SinceG, = G, the total degree of the right-
hand side is twice the volume, normalized with respect to thimteger lattice
a nely generated by G, of the Newton polytope generated byG (see [9]).
The (not normalized) volume of the Newton polytope generateby G is the
area of the triangle with vertices (00), (d;0) and (0; d), which is % In the
proof of Lemma 10, we have already seen that the volume of thiementary

11



simplex of the integer lattice a nely generated byG is % Therefore, the total
degree of the right-hand side i§23:g = d Thus = 1and

Res,.a(h1; Yo Y1 Q) = Resg g (N y1 Gis Y2 )

In order to determine , specializeh; to x*, g; to x4, g, t0 0,y; to 0 andy,
to 1 in the above equality. Since we have normalized Res,.c, as described
in Theorem 1, we have

(D% = 1

and thus we have shown the lemma&

Proof of the main theorem, Theorem 1

By combining Lemma 8 and Lemma 13 we have shown Theorem?2l.

4 Computational e ciency of main results

In this section we describe how one can apply Theorem 1 to e ently compute
resultants of partially composed polynomials.

Step 1: Computation off ;

We ask the reader to examine the resultant in (3). Note that te bi-homogeneity
of this resultant implies that the polynomialf ; is homogeneous in the variables
y1 andy,. Furthermore the total degree of ; ise;. Thus, in order to computef ;

it is su cient to compute the polynomial p(y1) = ReSe,.q (h1(y1;1); 0 Y102).
This polynomial p can be computed via interpolation lettingy; range over the

Step 2: Computation ofResg, ., (f 1;f 2)

Note that f, and f, are bivariate homogeneougpolynomials. Therefore the
resultant Res, .., (f1;f2) can be computed as the univariable (Sylvester) resul-

tant Resg, ¢, (f1(y1; 1); f2(y1; 1)).

12



Running Time experiments

Now, we discuss some practical running time experiments c&d out under
Maple 9 on a PC with a 2.2 GHz processor and 3 GB main memory. Firis
subsection, we assume that all the polynomials;;f,; g;; g have integer co-
e cients modulo a xed 32 bit prime number . The author has measured
how the running times of the method described in Step 1 and $t& above
compare to the running times of computing resultants of paially composed
polynomials without utilizing the composition structure d f, (g:; g.). For the
rest of this subsection, in order to be able to easily compat®mth methods,
we refer to the rst method with \UseStruc" (use the structure via Step 1
and Step 2) and to the second one with \NoStruc" (do not use thstructure,
expand the composed polynomial and compute the resultant).

The measurements have been taken for random dergés and g,'s of equal
degrees ranging from 10 to 30 and for random denkgs and f,'s of degrees
independently ranging from 10 to 30 as well. This choice ofpats results in
a large amount of computations and running times measured.hat is, the
degrees ¢; d; e/) of the inputs range over the sef 10;:::;30g° and for each
triple in the latter set we get running time measurements. lorder to make the
presentation of the timings more compact, we compute averag)of the running
times in a systematic way described as follows. For xed degge; of hy, we
partition the set f10;::: ;3Og2 f e g into small sets of four triples. That is,
these partitioning sets areP.., = f10+2l; 10+ (2| + 1) g f eg= f(10+
21;10+2l;e1); (10+2[; 10+ (21+1);€); (10+(21+1);10+2l;ey); (10+ (21 +
1); 10+ (2l +1); e;)g. For each triple in P,, we generate random polynomials
of corresponding degrees and measure the running times ofthheels UseStruc
and NoStruc. Then we compute the averages tiff#>"™* and timel>""°, of
these measured times for the four triples i.e,. One can observe that these
averages vary not very much ag;, ranges from 10 to 30. Thus we compute
the averages timgseS™c and time]°S"°, for e; ranging from 10 to 30, further
simplifying the presentation of the running times but stillremaining faithful
to the experimental measurements. Finally, these valuesalisted in Table 1.

The author believes that intuitively it is not surprising that the averages
time’s*5"™ and time2>" vary little for varying e;. That is, e;, the degree
of the unstructured hy, is relatively small in comparison to the degree of the
composed polynomiaf, (g:; ). Therefore, changes o, have little impact
on the running time. Furthermore, note that in this case utiizing the com-
position structure is also very e cient computationally. If e; becomes larger
then the e ciency of Step 1 and Step 2 decreases. This behaviis expected
because, intuitively, for largee;, in comparison to the degree of the composed
polynomial f, (g:;Q.), one expects to achieve only little or even no gain in

e ciency through utilizing the composition structure of f, (g:; ).

13



| [timeNoS™c in sec time’seS"c in sec.

Application of Theorem 1
0 0:763 1025
1 1:320 :027
2 3:059 :027
3 4:902 :028
4 7:675 :030
5 12414 031
6 18:843 031
7 31:393 :033
8 58322 :035
9 99:768 :036

Fig. 1. Running times for increasing degrees of »; g1; g». Averages for ; d; &) in
f10+21; 10+21 +1g®> f 10;11L:::;30g.

In Table 1 one can see that the speedup of Method UseStruc (Tdrem 1
applied in Step 1 and Step 2) is quite dramatic ak i.e. the degrees of ,, g;
and @, increases.

5 Conclusion

This paper has studied resultants of partially composed pptomials. We have
found that these resultants are certain iterated resultarg of the component
polynomials. Furthermore, we saw in experiments that, in may cases, these
iterated resultants can be computed with dramatically inceased e ciency.

Future research might address multi-variable generalizains of the results of
this paper.
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