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Abstract. This pap er studies resultan ts of t w o homogeneous p artial ly c omp ose d p olynomi-

als. By t w o homogeneous partially comp osed p olynomials w e mean a pair of p olynomials

of whic h one do es not ha v e an y giv en comp osition structure and the other one is obtained

b y comp osing a biv ariate homogeneous p olynomial with t w o biv ariate homogeneous p oly-

nomials. The main con tribution of this pap er is to sho w that the resultan t of t w o partially

comp osed p olynomials is a certain iterated resultan t of the comp onen t p olynomials. F ur-

thermore, exp erimen ts sho w that, in man y cases, this iterated resultan t can b e computed

with dramatically increased e�ciency . This pap er is part of the author's w ork on resultan ts

of comp osed p olynomials. This pap er is also the completion of a w ork b y McKa y and W ang

who considered inhomogeneous partially comp osed p olynomials.
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1 In tro duction

Resultan ts are fundamen tal in solving systems of p olynomial equations and therefore ha v e b een

extensiv ely studied ([20], [4], [6], [12], [17], [21], [7], [18], [9], [2]). Recen t researc h is fo cused on

utilizing structure of p olynomials, naturally o ccurring in real life problems, for example, sparsit y

([30], [11], [10], [8], [5], [31], [3], [28]) as w ell as comp osition ([22], [17], [23], [7], [19], [16], [24], [26],

[25], [27]). This pap er is part of the author's w ork on utilizing comp osition structures. The w ork

[24] also con tains a section explaining the imp ortance of comp osition structures that are considered

in this and in previous w orks.

Previous pap ers ([16], [26], [25], [27])) b y the author considered \fully" comp osed p olynomials.

That is, comp osed p olynomials suc h as h

1

= f

1

� ( g

1

; g

2

; g

3

), h

2

= f

2

� ( g

1

; g

2

; g

3

) and h

3

=

f

3

� ( g

1

; g

2

; g

3

), where eac h comp osed p olynomial h

i

is obtained from the p olynomial f

i

in the

v ariables y

1

; y

2

; y

3

b y replacing y

j

with the biv ariate p olynomial g

j

. Note that eac h comp osed

p olynomial has the same inner comp onen ts g

1

; g

2

; g

3

. The previous w orks ha v e determined the

irreducible factors of pro jectiv e (Macaula y) or toric (sparse) resultan ts of suc h \fully" comp osed

p olynomials.

The fo cus of the curren t pap er is en tirely di�eren t from the one of the previous pap ers ([16], [26],

[25], [27])). It considers \partially" comp osed p olynomials. By t w o partially comp osed p olynomials

h

1

and h

2

, w e mean a biv ariate homogeneous p olynomial h

1

that do es not have any c omp osition

structur e and a biv ariate homogeneous c omp ose d p olynomial h

2

= f

2

� ( g

1

; g

2

) that is obtained

from the homogeneous biv ariate p olynomial f

2

in the v ariables y

1

and y

2

b y replacing y

j

with the

biv ariate homogeneous p olynomial g

j

. (Of course, g

1

and g

2

are required to ha v e the same total de-

grees to ensure that h

2

is homogeneous.) The �nding of the curren t pap er is also quite di�eren t from

previous �ndings ([16], [26], [25], [27])). W e �nd that the pro jectiv e (dense, Sylv ester/Macaula y)

resultan t of t w o partially comp osed p olynomials h

1

and h

2

is a certain iterated resultan t. More

precisely , it is the resultan t of the p olynomials f

1

and f

2

, where f

1

is the resultan t of certain p oly-

nomials deriv ed from the comp onen t p olynomials h

1

, g

1

and g

2

. In terestingly , w e �nd two di�er ent

natural form ulas for f

1

, one in v olving a pro jectiv e (dense, Sylv ester/Macaula y) resultan t and an-

other one in v olving a toric (sparse) resultan t. Moreo v er, w e sho w in exp erimen ts that for man y

cases this iterated resultan t can b e computed, o v er the in tegers mo dulo a prime, with dramatically

impro v ed e�ciency .

This w ork can also b e considered as a completion of w orks ([22] and [23]) b y McKa y and

W ang. In [22] they study resultan ts of t w o inhomogeneous comp osed p olynomials as w ell as t w o

inhomogeneous p artial ly c omp ose d p olynomials (in Theorem 7 of [22]). Additionally , in [23] they

study the homogeneous generalization for the case of t w o comp osed p olynomials. Ho w ev er, they

ignor e the case of t w o homo gene ous p artial ly c omp ose d p olynomials. F urthermore, they do not

address e�cien t computation of partially comp osed p olynomials. In fact, their presen tation of

their result (Theorem 7 of [22]) do es not allo w an immediate computational application. Also

note that Jouanolou's w ork [17] that considers resultan ts of comp osed p olynomials in Section 5.12

ignores the partially comp osed case as w ell.

Note that the main theorem of the presen t pap er (Theorem 1) can b e considered a generalization

(to the homogeneous case) of Theorem 7 of the w ork [22] b y McKa y and W ang. Therefore w e brie
y

state Theorem 7 of [22]. F or the sak e of a more uniform presen tation, with resp ect to the curren t

w ork and to previous w orks ([16], [26], [25], [27])) of the curren t author, w e use di�eren t sym b ols

for the p olynomials than in [22]. Let F

2

b e a univ ariate p olynomial in the v ariable y and G and H

1

b e univ ariate p olynomials in the v ariable x . Then, the pro jectiv e (dense, Sylv ester) resultan t of H

1

and H

2

= F

2

� G is the resultan t of F

1

and F

2

where F

1

is giv en b y a certain form ula in v olving

the ro ots of H

1

. More precisely ,

F

1

= H

1

(0)

d

Y

�

( y � G ( � )) ; (1)

where d is the degree of G and � ranges o v er the ro ots of H

1

. (In Line (1) G ( � ) is obtained from G b y

replacing the v ariable x of G with the v alue � .) Note that the p olynomials F

2

; G and H

1

can indeed

b e considered as a sub-case of the homogeneous p olynomials sub ject of the curren t pap er. That

is, for homogeneous biv ariate p olynomials f

2

; g

1

; g

2

and h

1

, w e ha v e F

2

= f

2

( g

1

( x; 1) ; y ), where
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g

1

( x; 1) = 1, G = g

2

( x; 1) and H

1

= h

1

( x; 1). (Again, as in Line (1), g

1

( x; 1) is obtained from

the p olynomial g

1

b y replacing the v ariable x

1

with x and the v ariable x

2

with 1. F urthermore,

f

2

( g

1

(0 ; 1) ; y ) and h

1

( x; 1) are obtained accordingly .) Note that the form ula for F

1

lo oks quite

di�eren t from the form ulas for f

1

in Theorem 1 of the curren t pap er. Please, see Remark 4 for an

explanation ho w they are related.

The reader migh t w onder whether one can utilize comp osition structures for other fundamen tal

op erations. In fact, this has already b een done for some op erations. F or examples, pro jectiv e

(Macaula y) resultan t, Gr• obner bases, SA GBI bases, subresultan ts and Galois groups of certain

di�eren tial op erators ha v e b een studied resp ectiv ely in [26], [14] and [13], [29], [15] and [1] using

v arious mathematical tec hniques. Ho w ev er, it seems that those tec hniques cannot b e applied to

the study of resultan ts. Therefore in this pap er w e use mathematical metho ds that are essen tially

di�eren t from those.

2 Main results

W e assume the reader is familiar with the notions of pro jectiv e (dense, Sylv ester/Macaula y) resul-

tan t, toric (sparse) resultan t and supp orts of sparse p olynomials (see [8], [11], [30]).

Before w e state the main theorem w e �x a few notations. Let's assume that all the p olynomials

h

1

; f

2

; g

1

; g

2

in Theorem 1 are de�ned o v er the complex n um b ers. Let h

1

b e a biv ariate homogeneous

p olynomial in the v ariables x

1

; x

2

of degree e

1

. Let f

2

b e a homogeneous biv ariate p olynomial in the

v ariables y

1

; y

2

of degree c

2

. Let g

1

and g

2

b e biv ariate homogeneous p olynomials in the v ariables

x

1

; x

2

of equal total degrees, denoted b y d . Let the comp osed p olynomial h

2

= f

2

� ( g

1

; g

2

)

b e obtained from the p olynomial f

2

b y replacing y

j

with g

j

. Note that w e had to assume that

g

1

and g

2

ha v e equal total degrees in order to ensure that h

2

is homogeneous. Let Res

c

1

;c

2

and

Res

C

1

; C

2

; C

3

resp ectiv ely denote the pro jectiv e (dense, Sylv ester/Macaula y) resultan t of t w o biv ariate

homogeneous p olynomials of resp ectiv e total degrees c

1

and c

2

, and the toric (sparse) resultan t of

three not necessarily homogeneous p olynomials with supp orts C

1

; C

2

and C

3

.

No w w e are ready to state the main theorem.

Theorem 1 (Main theorem)

Res

e

1

;e

2

( h

1

; f

2

� ( g

1

; g

2

)) = Res

c

1

;c

2

( f

1

; f

2

) ; (2)

wher e f

1

is given by b oth e qualities:

f

1

= Res

e

1

;d

( h

1

; y

2

g

1

� y

1

g

2

) ; and (3)

f

1

= ( � 1)

e

1

Res

C

1

; C

2

; C

3

( h

1

; y

1

� g

1

; y

2

� g

2

) : (4)

In the ab ove formulas, we have e

2

= c

2

d and c

1

= e

1

. F urthermor e, the set C

1

is the supp ort of a

dense homo gene ous bivariate p olynomial of de gr e e e

1

. That is, C

1

= f ( e

1

; 0) ; ( e

1

� 1 ; 1) ; : : : ; (0 ; e

1

) g .

Wher e as the sets C

2

= C

3

c onsist of the origin and the supp ort of a dense homo gene ous bivari-

ate p olynomial of de gr e e d . That is, C

2

= C

3

= f (0 ; 0) ; ( d; 0) ; ( d � 1 ; 1) ; : : : ; (0 ; d ) g . Mor e over, we

normalize the sign of the r esultant Res

C

1

; C

2

; C

3

such that we have Res

C

1

; C

2

; C

3

( x

e

1

1

; x

d

2

; 1) = 1 .

Remark 2 Note that the resultan ts in Lines (3) and (4) eliminate that v ariables x

1

; x

2

rather

than y

1

; y

2

.

Notation 3 Let us �x the follo wing notation for the rest of this pap er. If p is a biv ariate p olynomial

in the v ariables x

1

and x

2

then p ( c

1

; c

2

) is obtained from p b y replacing x

i

with c

i

.

Remark 4 The form ula in Line (3) can b e view ed as a generalization of McKa y's and W ang's

form ula of Line (1). That is, Line (1) implies that, using the notation of Section 1,

F

1

= Res

e

1

;d

( H

1

; y � G ) = Res

e

1

;d

( h

1

; y

2

g

1

� y

1

g

2

) ;

where y

2

= y , y

1

= 1, g

1

( x; 1) = 1, g

2

( x; 1) = G and h

1

( x; 1) = H

1

.
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Also note that McKa y's and W ang's form ula in Line (1) cannot b e easily used for computations

b ecause it in v olv es the ro ots of the p olynomial H

1

. On the con trary to this, the form ula in Line (3)

do es not in v olv e ro ots and th us can b e easily used for computations.

F urthermore note an in teresting di�erence b et w een the pro ofs of Line (1) and Line (3). That

is, the pro of of Line (1) of [22] pro ceeds with p olynomials with arbitrary complex co e�cien ts.

Whereas the pro of of Line (3) in Section 3 of the curren t pap er relies on p olynomials with sym b olic

(algebraically indep enden t) co e�cien ts. Only after sho wing Line (3) for p olynomials with sym b olic

co e�cien ts, w e observ e that Line (3) is stable under sp ecialization and th us Line (3) is v alid for

p olynomials with an y complex co e�cien ts. This approac h allo ws a v oiding case distinctions in the

pro of.

Remark 5 Since this pap er considers pro jectiv e (dense, Sylv ester/Macaula y) resultan ts of par-

tially comp osed p olynomials, the reader migh t �nd it surprising that the p olynomial f

1

is expressed

in terms of a toric (sparse) resultan t (see Line 4) and not in terms of a pro jectiv e (dense, Macaula y)

resultan t. Indeed, one can sho w that f

1

is also related to a pro jectiv e resultan t. That is, Corollary 5

of [28] implies that the p o w er f

d

1

is the pro jectiv e (dense, Macaula y) resultan t of h

1

, y

1

� g

1

and

g

2

� g

2

with resp ect to the total degrees e

1

, d and d .

Remark 6 Naturally , one asks ho w Theorem 1 is related to the w ell-kno wn form ula for resultan ts

of comp osed p olynomials deriv ed b y [23] in the homogeneous biv ariate case. It turns out that

one can rewrite resultan ts of comp osed p olynomials in terms of resultan ts of linearly com bined

p olynomials b y applying Theorem 1 t wice. Ho w ev er, it seems that one cannot deriv e the main

result of [23] only b y applying Theorem 1.

T o illustrate the previous paragraph, in the follo wing w e apply Theorem 1 to resultan ts of ho-

mogeneous biv ariate comp osed p olynomials t wice. Let f

1

and f

2

b e homogeneous biv ariate p olyno-

mial in the v ariables y

1

; y

2

of resp ectiv e degrees c

1

and c

2

. Let g

1

and g

2

b e biv ariate homogeneous

p olynomials in the v ariables x

1

; x

2

of equal total degrees, denoted b y d . Then, b y Theorem 1,

Res

c

1

d;c

2

d

( f

1

� ( g

1

; g

2

) ; f

2

� ( g

1

; g

2

)) = Res

c

1

d;c

2

d

( p; f

2

) ; (5)

where p = Res

c

1

d;d

( f

1

� ( g

1

; g

2

) ; y

2

g

1

� y

1

g

2

) whic h equals, b y Corollary 5 of [23], the form ula

( � 1)

c

1

d

2

Res

c

1

d;d

( y

2

g

1

� y

1

g

2

; f

1

� ( g

1

; g

2

)) . F urthermore, b y Theorem 1, p = Res

d;c

1

( q ; f

1

), where

q = Res

d;d

( y

2

g

1

� y

1

g

2

; z

2

g

1

� z

1

g

2

), where z

1

and z

2

are new distinct v ariables. Therefore, in-

deed, one can use Theorem 1 to rewrite the resultan t of t w o comp osed p olynomials in terms of the

resultan t of t w o linearly com bined p olynomials. If one factors q in to ( � y

2

z

1

� y

1

z

2

)

d

Res

d;d

( g

1

; g

2

),

applying Lemma 7 of [23], and if one utilizes the bi-homogeneit y of the resultan t, one can simplify

Line (5) to obtain McKa y's and W ang's form ula

Res

c

1

d;c

2

d

( f

1

� ( g

1

; g

2

) ; f

2

� ( g

1

; g

2

)) = Res

c

1

;c

2

( f

1

; f

2

)

d

Res

d;d

( g

1

; g

2

)

c

1

c

2

for resultan ts of t w o homogeneous biv ariate comp osed p olynomials ([23]).

Remark 7 In the follo wing subsection, \Computational application of the main theorem", w e will

use Theorem 1 for e�cien tly computing resultan ts of partially comp osed p olynomials. The reader

will notice that w e will not utilize Line (4). It is imp ortan t to p oin t out that w e ha v e stated Line (4)

b ecause it is of indep enden t theoretical in terest. That is, it mak es an explicit connection b et w een

pro jectiv e (dense, Sylv ester/Macaula y) resultan ts of t w o p olynomials and biv ariable toric (sparse)

resultan ts of three p olynomials.

Computational application of the main theorem

In this subsection w e describ e ho w one can apply Theorem 1 to e�cien tly compute resultan ts of

partially comp osed p olynomials.

Step 1: Computation of f

1

W e ask the reader to examine the resultan t in Line (3) in Theorem 1.

Note that the bi-homogeneit y of this resultan t implies that the p olynomial f

1

is homogeneous in

the v ariables y

1

and y

2

. F urthermore the total degree of f

1

is e

1

. Th us, in order to compute f

1

it

is su�cien t to compute the p olynomial p ( y

1

) = Res

e

1

;d

( h

1

( y

1

; 1) ; g

1

� y

1

g

2

) . This p olynomial p

can b e computed via in terp olation letting y

1

range o v er the v alues 0 ; 1 ; : : : ; e

1

.
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Step 2: Computation of Res

c

1

;c

2

( f

1

; f

2

) Note that f

1

and f

2

are bivariate homo gene ous

p olynomials. Therefore the resultan t Res

c

1

;c

2

( f

1

; f

2

) can b e computed as the univ ariable (Sylv ester)

resultan t Res

c

1

;c

2

( f

1

( y

1

; 1) ; f

2

( y

1

; 1)).

Running Time exp erimen ts No w, w e discuss some practical running time exp erimen ts carried

out under Maple 9 on a PC with a 2.2 GHz pro cessor and 3 GB main memory . F or this subsection,

w e assume that all the p olynomials h

1

; f

2

; g

1

; g

2

ha v e in teger co e�cien ts mo dulo a �xed 32

bit prime n um b er . The author has measured ho w the running times of the metho d describ ed

in Step 1 and Step 2 ab o v e compare to the running times of computing resultan ts of partially

comp osed p olynomials without utilizing the comp osition structure of f

2

� ( g

1

; g

2

). F or the rest of

this subsection, in order to b e able to easily compare b oth metho ds, w e refer to the �rst metho d

with \UseStruc" (use the structure via Step 1 and Step 2) and to the second one with \NoStruc"

(do not use the structure, expand the comp osed p olynomial and compute the resultan t).

The measuremen ts ha v e b een tak en for random dense g

1

's and g

2

's of equal degrees ranging

from 10 to 30 and for random dense h

1

's and f

2

's of degrees indep enden tly ranging from 10 to

30 as w ell. This c hoice of inputs results in a large amoun t of computations and running times

measured. That is, the degrees ( c

2

; d; e

1

) of the inputs range o v er the set f 10 ; : : : ; 30 g

3

and for

eac h triple in the latter set w e get running time measuremen ts. In order to mak e the presen tation

of the timings more compact, w e compute a v erages of the running times in a systematic w a y

describ ed as follo ws. F or �xed degree e

1

of h

1

, w e partition the set f 10 ; : : : ; 30 g

2

� f e

1

g in to small

sets of four triples. That is, these partitioning sets are P

l;e

1

= f 10 + 2 l ; 10 + (2 l + 1) g

2

� f e

1

g =

f (10 + 2 l ; 10 + 2 l ; e

1

) ; (10 + 2 l ; 10 + (2 l + 1) ; e

1

) ; (10 + (2 l + 1) ; 10 + 2 l ; e

1

) ; (10 + (2 l + 1) ; 10 + (2 l + 1 ) ; e

1

) g .

F or eac h triple in P

l;e

1

, w e generate random p olynomials of corresp onding degrees and measure

the running times of metho ds UseStruc and NoStruc. Then w e compute the a v erages time

UseStruc

l;e

1

and time

NoStruc

l;e

1

, of these measured times for the four triples in P

l;e

1

. One can observ e that these

a v erages v ary not v ery m uc h as e

1

ranges from 10 to 30. Th us w e compute the a v erages time

UseStruc

l

and time

NoStruc

l

, for e

1

ranging from 10 to 30, further simplifying the presen tation of the running

times but still remaining faithful to the exp erimen tal measuremen ts. Finally , these v alues are listed

in T able 1.

The author b eliev es that in tuitiv ely it is not surprising that the a v erages time

UseStruc

l;e

1

and

time

NoStruc

l;e

1

v ary little for v arying e

1

. That is, e

1

, the degree of the unstructured h

1

, is relativ ely

small in comparison to the degree of the comp osed p olynomial f

2

� ( g

1

; g

2

) . Therefore, c hanges of e

1

ha v e little impact on the running time. F urthermore, note that in this case utilizing the comp osition

structure is also v ery e�cien t computationally . If e

1

b ecomes larger then the e�ciency of Step 1

and Step 2 decreases. This b eha vior is exp ected b ecause, in tuitiv ely , for large e

1

, in comparison to

the degree of the comp osed p olynomial f

2

� ( g

1

; g

2

) , one exp ects to ac hiev e only little or ev en no

gain in e�ciency through utilizing the comp osition structure of f

2

� ( g

1

; g

2

).

l time

NoStruc

l

in sec. time

UseStruc

l

in sec.

Application of Theorem 1

0 0 : 763 : 025

1 1 : 320 : 027

2 3 : 059 : 027

3 4 : 902 : 028

4 7 : 675 : 030

5 12 : 414 : 031

6 18 : 843 : 031

7 31 : 393 : 033

8 58 : 322 : 035

9 99 : 768 : 036

Fig. 1. Running times for increasing degrees of f

2

; g

1

; g

2

. Av erages for ( c

2

; d; e

1

) in f 10 + 2 l ; 10 + 2 l + 1 g

2

�

f 10 ; 11 ; : : : ; 30 g .
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In T able 1 one can see that the sp eedup of Metho d UseStruc (Theorem 1 applied in Step 1 and

Step 2) is quite dramatic as l , i.e. the degrees of f

2

, g

1

and g

2

, increases.

3 Pro of of the main theorem

The main theorem, Theorem 1, consists of t w o parts. In this pap er w e only pro v e the �rst part

and lea v e out the pro of of the second part. That is, w e pro v e Line (2) and Line (3). The author

in tends to pro v e the second part, Line (4), in a subsequen t publication.

Pro of of Line (2) and Line (3) of Theorem 1 W e start with an auxiliary lemma.

Lemma 8 Supp ose Res

e

1

;d

( h

1

; g

2

) 6= 0 . Then the le ading c o e�cient, with r esp e ct to the variable

z , of the p olynomial Res

e

1

;d

( h

1

; g

1

� z g

2

) e quals the r esultant Res

e

1

;d

( h

1

; g

2

) and the de gr e e in z

of the p olynomial is e

1

.

Pr o of: Let p ( z ) = Res

e

1

;d

( h

1

; g

1

� z g

2

). By the bi-homogeneit y of the resultan t, the degree of p is

at most e

1

. Therefore, if p

h

(1 ; 0) 6= 0, where p

h

( y

1

; y

2

) = y

e

1

2

p (

y

1

y

2

), then the leading co e�cien t of

p is p

h

(1 ; 0) and its degree is e

1

. Since p

h

(1 ; 0) = Res

e

1

;d

( h

1

; g

2

) 6= 0, w e ha v e sho wn the lemma. �

No w w e are ready for the next lemma, Lemma 9, whic h sho ws Line (2) and Line (3) of Theo-

rem 1.

The pro of of Lemma 9 extends and generalizes the pro of of Theorem 7 of [22]. Note that there

is an in teresting di�erence b et w een the t w o pro ofs. The pro of of Lemma 9 in a �rst step sho ws

the lemma for p olynomials with sym b olic (algebraically indep enden t) co e�cien ts and only in a

second step it sho ws the lemma for p olynomials with arbitrary co e�cien ts. Whereas, the pro of of

Theorem 7 of [22] sho ws the theorem for p olynomials with arbitrary co e�cien ts without an y �rst

step dealing with sym b olic co e�cien ts (compare Remark 4). This approac h allo ws a v oiding case

distinctions in the pro of.

It is also imp ortan t to p oin t out that one can �nd a di�eren t extension of the pro of of Theorem 7

of [22] in the literature. That is, in [23], McKa y and W ang extend the tec hniques presen ted in [22]

in order to deriv e a pro duct form ula for resultan ts of t w o homogeneous comp osed p olynomials (see

Remark 6). This extension is di�eren t from the one included in the pro of of Lemma 9. Moreo v er,

it seems not p ossible to utilize the extended pro of tec hniques presen ted in [23] to pro v e Lemma 9

of the curren t pap er.

F urthermore, note that the pro of of Lemma 9 is di�eren t from the pro ofs of the results of

other pap ers ([17], [7], [19], [16], [26], [25], [27]) deriving pro duct form ulas for v arious resultan ts of

comp osed p olynomials.

Lemma 9 We have

Res

e

1

;e

2

( h

1

; f

2

� ( g

1

; g

2

)) = Res

c

1

;c

2

( f

1

; f

2

) ;

wher e f

1

= Res

e

1

;d

( h

1

; y

2

g

1

� y

1

g

2

) .

Pr o of: Let us �rst assume that all the p olynomials h

1

, f

2

, g

1

and g

2

ha v e distinct sym b olic co ef-

�cien ts. Let x b e a new v ariable. Then w e ha v e b y w ell kno wn prop erties of the resultan t ([20])

that Res

e

1

;e

2

( h

1

; f

2

� ( g

1

; g

2

)) = Res

e

1

;e

2

( h

1

( x; 1) ; f

2

� ( g

1

; g

2

) ( x; 1) ). Note that the resultan t on

the left-hand side of this equalit y eliminates the v ariables x

1

and x

2

from t w o homogeneous p oly-

nomials. Whereas, on the righ t-hand side it eliminates the v ariable x from t w o univ ariate (not

necessarily homogeneous) p olynomials. F urthermore, let � range o v er the ro ots of h

1

( x; 1). Then,
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since g

2

( �; 1) 6= 0 and b y w ell kno wn prop erties of the resultan t (see [22], [20]), w e ha v e

Res

e

1

;e

2

( h

1

; f

2

� ( g

1

; g

2

)) = h

1

(0 ; 1)

c

2

d

Y

�

f

2

� ( g

1

; g

2

) ( �; 1)

= h

1

(0 ; 1)

c

2

d

Y

�

f

2

( g

1

( �; 1) ; g

2

( �; 1))

= h

1

(0 ; 1)

c

2

d

Y

�

g

1

( �; 1)

c

2

Y

�

f

2

(

g

1

( �; 1)

g

2

( �; 1)

; 1)

= (Res

e

1

;d

( h

1

; g

2

))

c

2

Y

�

f

2

(

g

1

( �; 1)

g

2

( �; 1)

; 1) :

No w, observ e that � =

g

1

( �; 1)

g

2

( �; 1)

for some � i�

Y

�

( g

1

( �; 1) � � g

2

( �; 1)) = 0 :

Since h

1

(1 ; 0), the leading co e�cien t of h

1

( x; 1), do es not v anish, the latter is equiv alen t to

Res

e

1

;d

( h

1

( x; 1) ; g

1

( x; 1) � � g

2

( x; 1) ) = 0 ;

whic h is equiv alen t to Res

e

1

;d

( h

1

; g

1

� � g

2

) = 0. Therefore and b y Lemma 8,

Res

e

1

;e

2

( h

1

; f

2

� ( g

1

; g

2

)) =

( Res

e

1

;d

( h

1

; g

2

))

c

2

�

Y

�

Res

e

1

;d

( h

1

; g

1

� � g

2

) = 0

f

2

( � ; 1) =

(Res

e

1

;d

( h

1

; g

2

))

c

2

�

Res

e

1

;c

2

(Res

e

1

;d

( h

1

; g

1

� y g

2

) ; f

2

( y ; 1) )

(Res

e

1

;d

( h

1

; g

2

))

c

2

=

Res

c

1

;c

2

( f

1

; f

2

) :

Therefore w e ha v e sho wn Lemma 9 for p olynomials with sym b olic co e�cien ts.

Next, observ e that the form ulas of Lemma 9 are stable under sp ecialization. Therefore Lemma 9

also holds for p olynomials with arbitrary co e�cien ts. �

Th us w e ha v e sho wn Line (2) and Line (3), that is, the �rst part of Theorem 1.

4 Conclusion

This pap er has studied resultan ts of partially comp osed p olynomials. W e ha v e found that these

resultan ts are certain iterated resultan ts of the comp onen t p olynomials. F urthermore, w e sa w in

exp erimen ts that, in man y cases, these iterated resultan ts can b e computed with dramatically

increased e�ciency .

F uture researc h migh t address m ulti-v ariable generalizations of the results of this pap er.
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