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Abstract. The behavior of the Cayley-Dixon resultant construction and
the structure of Dixon matrices are analyzed for composed polynomial
systems constructed from a multivariate system in which each variab le is
substituted by a univariate polynomial in a distinct variable. It is shown
that a Dixon projection operator (a multiple of the resultant) of the
composed system can be expressed as a power of the resultant of theouter
polynomial system multiplied by powers of the leading coe±cients of the
univariate polynomials substituted for variables in the outer system . The
derivation of the resultant formula for the composed system uni¯es all
the known related results in the literature. A new resultant form ula is
derived for systems where it is known that the Cayley-Dixon const ruction
does not contain any extraneous factors. The approach demonstrates
that the resultant of a composed system can be e®ectively calculated by
considering only the resultant of the outer system.

1 Introduction

Problems in many application domains, including engineering and design, graph-
ics, CAD-CAM, geometric modeling, etc. can be modelled using polynomial
systems [1{8]. Often a polynomial system arising from an application has a
structure. Particularly in engineering and design applications and in geometric
modeling, a polynomial system can be expressed as a composition of two distinct
polynomial systems, each of which is of much lower degree in comparison tothe
original system. Furthermore, if the structure of given polynomials is not known
a priori, one can e±ciently check if they can be decomposed [9].

This paper addresses the resultant computation for such composed poly-
nomial systems [10{14]. The resultant of a polynomial system with symbolic
parameters is a necessary and su±cient condition on its parameters for the poly-
nomial system to have a common solution4. Resultant computations have been
1;2;3 Supported by NSF grant no. CCR-0203051 and a grant from the Computer Science

Research Institute at the Sandia National Labs
3 Also supported by NSF grant CCF 0430741
4 Resultant depends on an algebraic set for which solutions are sought [15].
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found useful in many application domains including engineering and design,
robotics, inverse kinematics, manufacturing, design and analysis of nano devices
in nanotechnology, image understanding, graphics, solid modeling, implicitiza-
tion, CAD-CAM design, geometric construction, drug-design, and control theory.

The focus in this paper is on the Cayley-Dixon formulation for multivari-
ate resultants which have been shown to be e±cient (both experimentally and
theoretically) for computing resultants by simultaneously eliminating many vari-
ables from a polynomial system [16]. The behavior of the Cayley-Dixon resultant
construction is analyzed for composed polynomial systems constructed from a
multivariate system in which each variable is substituted by a univariate polyno-
mial in a distinct variable, referred to as multi-univariate composition i n [9]. It
is shown that the resultant of the composed system can be expressed as a power
of the resultant of the outer polynomial system, multiplied by powers of the
leading coe±cients of the univariate polynomials substituted for variables in the
outer system. It is important to point out that the techniques used for deriving
resultant formulas in the current paper are di®erent from the techniques used in
previous works (such as [10{13, 17, 18]), which seemed not applicable.

A new resultant formula is derived for multi-univariate composed polyno-
mials where it is known that the Cayley-Dixon resultant formulation does not
produce any extraneous factors for the outer system. The derivation uni¯es all
known related results in the literature [18, 19]. Such systems includen-degree
[8], bivariate corner cut [20] and generalized corner cut systems [21]. Even when
extraneous factors are present, a similar formula is derived showing that the ex-
traneous factor of the outer system will be \ampli¯ed" in the extraneous factor
of composed system. Hence exploiting the composed structure of a polynomial
system can reduce the extraneous factors in the resultant computation. Further-
more, it demonstrates that the resultant of a composed system can be e®ectively
calculated by considering only the resultant of the outer system. For practical
applications, that is what is needed.

Below, we ¯rst state the main result of the paper. This is followed by a section
on preliminaries and notation; the generalized Cayley-Dixon formulation as pro-
posed by Kapur, Saxena and Yang [8] is brie°y reviewed. Since the Cayley-Dixon
formulation involves two disjoint sets of variables, the bilinear form representa-
tion of a polynomial in disjoint sets of variables is useful. In section 2, we discuss
how bilinear forms are a®ected by polynomial operations, particularly when two
polynomials are multiplied, a polynomial is composed with other polynomials
by substituting variables by polynomials etc. To express these relations among
bilinear forms, a series of matrix operations is introduced.

We assume that the reader is familiar with the notion of resultant with respect
to a given variety (see for example [15]). This notion includes classic resultants
like the projective (Macaulay) resultant where the variety is projective spaceand
more recent generalizations like toric resultants where the varieties are suitable
toric varieties.
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1.1 Main Results

Consider a polynomial systemF = ( f 0; f 1; : : : ; f n ) with symbolic coe±cients,
where F ½ K[c][y1; : : : ; yn ] and

f i =
X

®2F i

ci;® y ® for i = 0 ; : : : ; n;

where y ® = y®1
1 ; : : : ; y®n

n and F i is the set of exponent vectors corresponding
to the terms appearing in f i , also called thesupport of f i . The list c consists
of \other" variables in terms of which polynomial coe±cients ci;® 2 K[c] are
de¯ned. They are also sometimes referred as theparameters of the polynomial
system.

A polynomial system is calledgeneric if there is no algebraic relation among
coe±cients ci;® of F .

Let G = ( g1; : : : ; gn ) be a univariate polynomial system where

gj (x j ) = dj;k j xk j
j + dj;k j ¡ 1xk j ¡ 1

j + ¢ ¢ ¢+ dj; 0; for j = 1 ; : : : ; n:

Let k = ( k1; : : : ; kn ) be the degree vector ofG.
We considercomposed polynomial system of F with G, written as F ± G,

which is the list of polynomials obtained from the list F of polynomials by replac-
ing each yj by gj respectively. The operator ± is called functional composition
on polynomial systems.

The main results of this paper are:

(i) The Dixon matrix £ F ±G of a composed systemF ± G is shown to be a
product of 3 matrices:

£ F ±G = AL £ Diagk1 ¢¢¢kn
(£ F ) £ AR ;

where £ F is the Dixon matrix of the outer system F and AL as well as
AR are triangular matrices which contain only polynomials in terms of the
coe±cients of the polynomials in G. The matrix Diag k1 ¢¢¢kn

(£ F ) is block
diagonal, where£ F is repeatedk1 ¢ ¢ ¢kn times along the diagonal.

(ii) If F is a polynomial system for which the determinant of Dixon matrix is
Res(F ), then

Res(F ± G) = d² 1
1;k 1

¢ ¢ ¢d² n
n;k n

Res(F )±;

where ² j 's depend on the degrees ofG as well asF but ± depends only on
the degrees ofG.

(iii) Even if £ F is not square or is singular, therank submatrix construction
(RSC) introduced in [8] (see also [15]) also works for composed systems.
In particular, the projection operator extracted from £ F is a factor of the
projection operator extracted from £ F ±G raised to the appropriate power;
in addition to the leading coe±cients dj;k j of polynomials in G, there are
also additional factors introduced in the projection operator extracted from
£ F ±G .

(iv) The resultant of composed n-degree system, with degrees (m1; : : : ; mn ), is

Res(F ± G) =
³

dm 1
1;k 1

¢ ¢ ¢dm n
n;k n

´ ( n +1)!
2 m 1 ¢¢¢m 2 k1 ¢¢¢kn

Res(F )k1 ¢¢¢kn :
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2 Cayley-Dixon Formulation and Bilinear Form

2.1 The Cayley-Dixon Formulation

In [22], Dixon extended the Bezout-Cayley's construction for computing the
resultant of two univariate polynomials to the bivariate case for three polynomi-
als. Kapur, Saxena and Yang [8] generalized this construction to the multivariate
case. The concepts of a Dixon polynomial and a Dixon matrix were introduced.
Below, the generalized multivariate Dixon formulation for simultaneously elimi-
nating many variables from a polynomial system and computing its resultantare
brie°y reviewed. Let ¼i (y ®) = y®1

1 ¢ ¢ ¢y®i
i y®i +1

i +1 ¢ ¢ ¢y®n
n , where i 2 f 0; 1; : : : ; ng,

and yi 's are new variables;¼0(y ®) = y ®. ¼i is extended to polynomials in a
natural way as: ¼i (f j (y1; : : : ; yn )) = f j (y1; : : : ; yi ; yi +1 ; : : : ; yn ).

De¯nition 1. Given a n-variate polynomial systemF = ( f 0; f 1; : : : ; f n ), where
f ½ K[c][y1; : : : ; yn ], de¯ne its Dixon polynomial as

µ(F ) =
nY

i =1

1
yi ¡ yi

det

0

B
B
B
@

¼0(f 0) ¼0(f 1) ¢ ¢ ¢¼0(f n )
¼1(f 0) ¼1(f 1) ¢ ¢ ¢¼1(f n )

...
...

. . .
...

¼n (f 0) ¼n (f 1) ¢ ¢ ¢¼n (f n )

1

C
C
C
A

= Y
T

£ £ F £ Y;

where Y = [ y ¯ 1 ; : : : ; y ¯ k ] and Y = [ y ®1 ; : : : ; y ®l ] are column vectors. Hence,
µ(f 0; f 1; : : : ; f n ) 2 K[c][y1; : : : ; yn ; y1; : : : ; yn ], where y1; : : : ; yn are new vari-
ables. The k £ l matrix £ F is called the Dixon matrix , and its entries are
in K[c].

The order in which original variables in y are replaced by new variables iny is
signi¯cant in the sense that the computed Dixon polynomial can be di®erent for
two di®erent orderings. See [22, 8, 21, 15].

As shown in [8] and [15],£ F is a resultant matrix, i.e., the resultant can be
computed from the determinant of £ F . If £ F singular, for example for certain
nongeneric polynomial systems, then the resultant is extracted from the deter-
minant of some maximal minor of £ F ; this determinant is called a projection
operator [8, 15].

2.2 Operations on Bilinear Forms

It is easy to see that a multivariate polynomial in terms of two disjoint sets
of variables, e.g., the Dixon polynomial above, can be represented in abilinear
form. For analyzing how the functional composition of two polynomial systems
a®ects the Dixon polynomials and Dixon matrices of the polynomial systems,
bilinear form representations turn out to be useful. Below, we discuss various
polynomial operations and their e®ect on bilinear forms.

A bilinear form of a polynomial p in two disjoint sets of variables is expressed
as a matrix, post and pre-multiplied by monomial vectors. That is

p(x1; : : : ; xk ; x1; : : : ; x l ) =
X

®;¯

p®;¯ x®x ¯ = Xp
T

£ M p £ Xp;
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where Xp and Xp are vectors with entries being monomials in terms of variables
f x1; : : : ; x l g and f x1; : : : ; xk g, respectively. M p is a matrix with the coe±cients
p®;¯ of terms in p as its entries.

The matrix M p in the above de¯nition depends on the monomial ordering
used. We will assume a total degree ordering on power products, and state
explicitly if it is otherwise. Also, implicit in the above de¯nition of M p are the
row labels X p and column labelsX p.

Let P be the ordered set of the exponent vectors corresponding toXp; P is
also called thesupport of the polynomial p w.r.t variables f x1; : : : ; xk g. Simi-
larly, let P be the support of p w.r.t. variables f x1; : : : ; x l g. Let P + Q stand for
the Minkowski sum of the supports P and Q. [23]

As stated above, the Dixon polynomial can be conveniently represented in
bilinear form using the original variables and the new variables, highlighting the
Dixon matrix. Let ¢ F and ¢ F be the supports of the Dixon polynomial µ(F )
in terms of variables y and y , respectively.

Below, we derive the bilinear matrix form of the product of two polynomials
in terms of their bilinear matrix forms. For this purpose, we ¯rst de¯ne the
so-called \left" and \right" operators on bilinear forms.

De¯nition 2. Given two polynomialsp and q admitting bilinear form, i.e, p =
X p £ M p £ X p and q = X q £ M q £ X q, consider the following polynomial products

p0 = p ¢
P

eq 2 Q

zeq xeq = X p0 £ M p0 £ X p0;

q0 = q ¢
P

ep 2P
zep xep = X q0 £ M q0 £ X q0;

and

where z1; : : : ; zn and z1; : : : ; zn are new variables. De¯ne two matrix operators

LQ (M p) = M p0 and RP (M q) = M q0;

where columns ofM p0 ordered ¯rst by some monomial order on f z1; : : : ; zn g
and then by some monomial order onf x1; : : : ; xn g. Similarly rows of M q0 ¯rst
ordered byf x1; : : : ; xn g and then byf z1; : : : ; zn g. To make matricesM p0 and M q0

\compatible" with each other, we require that monomial order used for columns
of M p0 on variables [f z1; : : : ; zn g; f x1; : : : ; xn g] be same as for rows ofM 0

q on
variables [f x1; : : : ; xn g; f z1; : : : ; zn g].

The above matrix operators are de¯ned in such a way that matrix multipli-
cation would coincide with polynomial multiplication. New variables z1; : : : ; zn

and z1; : : : ; zn are auxiliary variables for creating block matrix structure, as well
as ensuring that the resulting matrix rows and columns are in matching order.
Notice that the row indices of LQ (M p) are P + Q and the column indices are
Q £ P , coming from monomialszeq xep for eq 2 Q and ep 2 P .

Matrix L Q (M p) is quite sparse and its entries are either 0 or the coe±cients
of the polynomial p. In fact, the entry of L Q (M p) indexed by row xep + eq and
column zeq xep + eq is equal to pep ;ep . All other entries are 0. Also it has a block
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matrix structure: L Q (M p) = RowStack ®2 Q (N® £ M p); where N® is a matrix
which adds zero rows toM p (depending on®, Q and P), and operator RowStack
stacks matrices columnwise. RP (M q) also admits a similar block decomposition.

Using the above operators, we can express bilinear form of the polynomial
product, pq = X pq £ M pq £ X pq as matrix multiplication.

Lemma 1. M p q = L Q (M p) £ RP (M q) :

Proof. Directly from the polynomial product of polynomials p and q,

(M p q)®;¯ =
X

® = ep + eq ;
¯ = ep + eq

pep ;ep qeq ;eq ;

for ep 2 P, eq 2 Q, ep 2 P and eq 2 Q . On the other hand,
¡
LQ (M p) £ RP (M q)

¢
®;¯

= Row ®
¡
LQ (M p)

¢
¢Col¯ (RP (M q))

=
X

eq 2 Q ;
ep 2P

p0
®;eq ep

¢q0
eq ep ;¯ ;

where p0
®;eq ep

is the coe±cient of monomial x®zeq xep of p0. But

p0
®;eq ep

=

(
pep ;ep if ® = ep + eq

0 otherwise
; and q0

ep eq ;¯ =

(
qeq ;eq if ¯ = ep + eq

0 otherwise
:

where ep 2 P , ep 2 P, q 2 Q and eq 2 Q. Therefore

X

eq 2 Q ;
ep 2P

p0
®;eq ep

¢q0
eq ep ;¯ =

X

® = ep + eq ;
¯ = ep + eq

p0
®;eq ep

¢q0
eq ep ;¯ =

X

® = ep + eq ;
¯ = ep + eq

pep ;ep qeq ;eq

. ut

One of the useful properties of L operator is that the application on matrix
product results in the application on one of the matrices times a block diagonal
matrix of the other factor.

Lemma 2. Given a product of two matricesA £ B ,

LP (A £ B ) = L P (A) £ DiagP (B ) ;

where matrix DiagP (B ) is block diagonal withB repeated jPj times along the
diagonal.

Proof. By de¯nition,

LP (A £ B ) = RowStack ®2P (N® £ (A £ B )) = RowStack ®2P ((N® £ A) £ B )

= RowStack®2P (N® £ A) £ DiagP (B ) = L P (A) £ DiagP (B ) : ut

Note that if jP + Qj = jPj £ j Qj, for example whenp and q are in terms of
di®erent variables, then LQ (M p) = Diag Q (M p).
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De¯nition 3. Given a support P and the set of univariate polynomialsG =
(g1; : : : ; gn ), where eachgi is in x i , let

s =
X

®2P

x®G® = X s £ M s £ X s;

where G® =
Q n

i =1 g®i
i . De¯ne operator SP (G) = M s.

SP (G) is thus the matrix whose rows are indexed byP and whose columns
are indexed by the union over® 2 P of the supports of

Q n
j =1 g®j

j . Note that
the monomial vector, with support P composed with G can be expressed as
Yp ± G = SP (G) £ X s, where X s is union of all monomials in G® for all ® 2 P .
Matrix S P (G) is also very sparse and it is \step"-triangular (i.e., where in each
row, ¯rst non-zero entry comes later than in the previous row), i.e.,

(SP (G))es ;es
=

(
(d1;k 1 ; : : : ; dn;k n )es if ( es) i = ki (es) i ; 8i;
0 if 9 i s.t. ki (es) i < (es) i :

(1)

Lemma 3. Let p be a polynomial in the variablesy , y , and G a set of univariate
polynomials gi in variable x i , for i = 1 ; : : : ; n. Then

M p ± (G; G ) = SP

¡
G

¢T
£ M p £ SP (G) ;

where G = ( g1; : : : ; gn ), and gi = gi (x i ).

Proof. Sincep = Y p £ M p £ Yp, we havep ± (G; G) = ( Y
T
p ±G) £ M p £ (Yp ±G)

and Yp ±G = SP (G) £ X s by de¯nition. ut

A very useful property of operators L and S is that in combination, they produce
step-triangular matrices5. Square step-triangular matrices are triangular.

Proposition 1. Let Q be the support of
Q n

i =1
gi ¡ gi
x i ¡ x i

, that is eq 2 Q i® 0 ·

(eq) i < k i for all i = 1 ; : : : ; n. Then for any support P, the matrix LQ

³
SP

¡
G

¢T
´

is (after column reordering) is zero above the step diagonal; moreover, entry in
column eqep (i.e. indexed by monomialzeq xep ) and row ® is

LQ

³
SP

¡
G

¢T
´

®;eq ep

=

8
>><

>>:

(d1;k 1 ; : : : ; dn;k n )ep if ® = ep + eq and (ep) i = ki (ep) i ;³
SP

¡
G

¢T
´

ep ;ep

if ® = ep + eq and 8i; (ep) i < k i (ep) i ;

0 otherwise,

i.e., in every column, ¯rst non-zero entry is the product of leading coe±cients of
G, and all these leading non-zero entries are in di®erent rows.

Proof. Note that the columns of SP
¡
G

¢T
are labelled by P and rows by X s,

which is the set of all monomials inG
®

= g®1
1 ¢ ¢ ¢g®n

n for all ® 2 P .

5 See the expanded version of this article [24] for many examples illustrating the
structure of of these matrices.
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Consider the following polynomial,

s = X s £ SP
¡
G

¢T
£ X s; and let s0 = s ¢

X

eq 2 Q

zeq xeq ;

as in de¯nition 2 of L Q (M p). As in the proof of Lemma 1, coe®x ® zeq x es (s0) =
ses ;es i® ® = es + eq, and 0 otherwise. Since the support ofs is P, we will use
labels ep instead of es. Equation (1) and the above observation gives us

coe®x ® zeq x ep (s0) =

8
><

>:

(d1;k 1 ; : : : ; dn;k n )ep if ® = es + eq and (es) i = ki (ep) i ;
ses ;ep if ® = es + eq and 8i; (es) i < k i (ep) i ;
0 otherwise. ut

In the next section, we use the above operators in expressing the manip-
ulations of bilinear forms of various polynomials arising in the Cayley-Dixon
construction to show that Dixon matrix of composed system can be decomposed
as a matrix product.

3 Dixon Matrix Decomposition

The Cayley-Dixon Construction of the composed polynomialsF ± G is a
generalization of the Cayley-B¶ezout construction from the univariate case. The
Dixon polynomial of the composed system

µF ±G =

det

2

6
4

f 0 ± (¼0(G)) : : : f n ± (¼0(G))
...

. . .
...

f 0 ± (¼n (G)) : : : f n ± (¼n (G))

3

7
5

Q n
i =1 (gi ¡ gi )

£
Q n

i =1 (gi ¡ gi )Q n
i =1 (x i ¡ x i )

= µF ±(G; G) £
nY

i =1

gi ¡ gi

x i ¡ x i
: (2)

Let p = µF ±(G; G) and q =
Q n

i =1
gi ¡ gi
x i ¡ x i

, where P is the support of p with
respect to the variablesx1; : : : ; xn and Q is the support of q with respect to the
variables x1; : : : ; xn . Using Lemmas 1, 2 and 3 to equation (2) above, we get

£ F ±G = L Q

³
S¢ F

(G)T
´

£ DiagQ (£ F ) £
¡
DiagQ (S¢ F (G)) £ RP (M q)

¢
:

Theorem 1. For a polynomial systemF = ( f 0; f 1; : : : ; f n ) and a list of univari-
ate polynomialsG = ( g1; : : : ; gn ), the Dixon matrix £ F ±G is

AL £ Diagk1 ¢¢¢kn
(£ F ) £ AR ;

where AL and AR are step triangular matrices with diagonal entries being the
product of the leading coe±cients of the polynomials inG. Speci¯cally,

AL =L Q

³
S¢ F

¡
G

¢T
´

; and AR =Diag Q (S¢ F (G)) £ RP (M q) ;

whereq=
Q n

i =1
gi ¡ gi
x i ¡ x i

is the product of the divided di®erences ofG, Q and Q are,
respectively, the supports ofq in the variables x and x.
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More importantly, for a generic n-degree polynomial systemF and a generic
system G of n polynomials used to substitute for variablesy1; ¢ ¢ ¢; yn in F , the
factors, AL , AR and £ F can be proved to be square and non-singular matrices
[8]. We investigate this in Section 4.

More generally, if the factors are square in the above theorem, then we can
derive precise expression for the determinant of the Dixon matrix.

Lemma 4. If j¢ F j ¢
Q n

j =1 kj = j¢ F ±G j, i.e., AL is square, then

det(AL ) = § (d1; k 1 ; : : : ; dn; k n )(
P

® 2 ¢ F
®) k1 ¢¢¢kn ;

if j¢ F j = j¢ F j, i.e., £ F is square, then

det
³

DiagjQj (£ F )
´

= (det( £ F )) k1 ¢¢¢kn ;

and if j¢ F j ¢
Q n

j =1 kj = j¢ F ±G j, i.e., AR is square, then

det(AR ) = § (d1; k 1 ; : : : ; dn;k n )( j¢ F j +
P

¯ 2 ¢ F
¯ )k1 ¢¢¢kn :

Proof. When AL is square, it is triangular with diagonal entries

(AL )®;eq :ep = ( d1;k 1 ; : : : ; dn;k n )ep

in column eqep, where ep 2 P = ¢ F , by Proposition 1. Since the size ofQ is
k1 ¢ ¢ ¢kn ,

det(AL ) =
Y

ep 2 ¢ F
eq 2 Q

(d1;k 1 ; : : : ; dn;k n )ep =( d1; k 1 ; : : : ; dn;k n )(
P

® 2 ¢ F
®) k1 ¢¢¢kn :

Also, for AR = Diag Q (S¢ F (G)) £ RP (M q), let s = Z s £ S¢ F (G) £ X s,
AR = M sq, as in the univariate case. Also note thatM q is triangular, where

qeq ;eq =

(
d1;k 1 ¢ ¢ ¢dn;k n if 8i s.t. (eq) i + ( eq) i = ki ¡ 1;
0 if 9i s.t. (eq) i + ( eq) i > k i ¡ 1;

and entries of S¢ F (G) by equation 1 are

ses ;es =

(
(d1;k 1 ; : : : ; dn;k n )es if 8 i s.t. (es) i = ki (es) i ;
0 if 9 i s.t. ki (es) i < (es) i ;

for es 2 ¢ F and es in support of G® for all ® 2 ¢ F . Therefore

(s ¢q)es eq ;es + eq =

8
><

>:

(d1;k 1 ; : : : ; dn;k n )es +1 if es = ki (es); eq + eq = k ¡ 1;
0 if 9 i s.t. ki (es) i < (es) i

or (eq) i + ( eq) i > k i ¡ 1;

i.e., in row eseq the diagonal element is (d1;k 1 ; : : : ; dn;k n )es +1 . Sincees 2 ¢ F and
eq 2 Q, where jQj = k1 ¢ ¢ ¢kn , we have the determinant ofAR

det(AR ) =
Y

es 2 ¢ F
eq 2 Q

(d1; k 1 ; : : : ; dn;k n )es +1 = ( d1; k 1 ; : : : ; dn;k n )( j¢ F j+
P

¯ 2 ¢ F
¯ ) k1 :::k n :

ut
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By Theorem 1 and the above proposition, we have the following main result.

Theorem 2. Let F be a polynomial system for which the Cayley-Dixon resul-
tant formulation leads to a square and nonsingular resultant matrix £ F whose
determinant is Res(F ). Then under the multi-univariate composition F ±G,

Res(F ±G) = ( d1; k 1 ; : : : ; dn; k n )(
P

® 2 ¢ F
®+ j¢ F j +

P
¯ 2 ¢ F

¯ ) k1 ¢¢¢kn Res(F )k1 ¢¢¢kn :

3.1 Rank Submatrix Construction

In case when the Dixon matrix of the composed polynomials (or any of its
factors in Lemma 4) is not square or when the Dixon matrix is rank de¯cient,
one can extract a projection operator from the Dixon matrix by computing the
determinant of any maximal minor [8, 15]. Since the Dixon matrix £ F ±G can be
factored into a product one obtains a similar factorization of a maximal minor,

det
max

£
AL £ Diagk1 ¢¢¢kn

(£ F ) £ AR
¤

= det
£
M L £ Diagk1 ¢¢¢kn

(£ F ) £ M R
¤

;

by selecting appropriate rowsM L of AL and columns M R of AR . Furthermore,
the well-known Cauchy-Binet formula allows us to expand the determinant of the
minor into a sum of products of the form l ¢s¢r , wherel ranges over determinants
of minors of M L , s ranges over determinants of minors of Diagk1 ¢¢¢kn

(£ F ) and r
ranges over determinants of minors ofM R .

This leads to a formula similar to the square case (Theorem 2). For details,
see the expanded version of this paper [24].

Theorem 3. For a polynomial systemF = ( f 0; f 1; : : : ; f n ), composed with uni-
variate polynomials G = ( g1; : : : ; gn ),

det
max

(£ F ±G ) = d² 1
1;k 1

¢ ¢ ¢d² n
n;k n

E
³

gcd det
max

(£ F )
´ k1 ¢¢¢kn

;

where E is an extraneous factor dependent on the coe±cients ofG and F .

The above implies that whenever a resultant can be computed by the Cayley-
Dixon construction, the resultant also will be decomposable in a similar fashion.

It is an open question what the values of²1; : : : ; ²n are in general and whether
the factor E is constant for all selections of maximal minors in£ F ±G .

4 Resultant of Composed n -degree polynomial system

In this section, we generalize the McKay and Wang formula [19] for the univariate
polynomials to n-degree polynomials systems.

Consider the (m1; : : : ; mn )-degree generic polynomialsf 0; f 1; : : : ; f n where

f j =
m 1X

i 1 =1

¢ ¢ ¢
m nX

i n =1

cj;i 1 ;:::;i n yi 1
1 ¢ ¢ ¢yi n

n ; for j = 0 ; 1; : : : ; n;
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with generic coe±cients cj;i 1 ;:::;i n and variables y1; : : : ; yn . The composed poly-
nomials f i ± (g1; : : : ; gn ), i = 0 ; 1; : : : ; n, are (m1k1; : : : ; mn kn )-degree as well.

For ® 2 ¢ F , we have 0· ®i < (n ¡ i + 1) mi , and for ¯ 2 ¢ F , we have
0 · ¯ i < im i for i = 1 ; : : : ; n, [21]. Thereforej¢ F j = j¢ F j = n! m1 ¢ ¢ ¢mn .

To apply Lemma 4, in the above support, the sum of all points in the support
for a particular coordinate i 2 f 1; : : : ; ng is

X

®2 ¢ F

®i = n! m1 ¢ ¢ ¢mn
(n ¡ i + 1) mi ¡ 1

2
;

X

¯ 2 ¢ F

¯ i = n! m1 ¢ ¢ ¢mn
im i ¡ 1

2
:

Substituting into Lemma 4, det
£
DiagQ (£ F )

¤
= (det( £ F )) k1 ¢¢¢kn , and

det [AL ] =
nY

i =1

d
n ! m 1 ¢¢¢m n

( n ¡ i +1) m i ¡ 1
2 k1 ¢¢¢kn

i; k i
;

det [AR ] =
nY

j =1

d
(n ! m 1 ¢¢¢m n + n ! m 1 ¢¢¢m n

im i ¡ 1
2 ) k1 ¢¢¢kn

j; n j
:

Note that if F and G are generic, then the coe±cients ofF ±G will still not have
any algebraic relations, and therefore the systemF ± G is generic. By Theorem
2 and the fact that the Dixon matrix is exact for generic n-degree systems [8],
we have another main result of the paper.

Theorem 4. For the unmixed n-degree case,

Res(F ± G) =
³

dm 1
1;k 1

¢ ¢ ¢dm n
n;k n

´ ( n +1)!
2 m 1 ¢¢¢m 2 k1 ¢¢¢kn

Res(F )k1 ¢¢¢kn :

5 Conclusion

This paper studied the behavior of the Cayley-Dixon construction of resultants
for multi-univariate composed polynomials. It gave a factorization of the Cayley-
Dixon matrix induced by the structure of the composed polynomials and it
showed how to e±ciently extract the Dixon projection operator utilizing the
factorization of the Cayley-Dixon matrix.

In a special case, when polynomials substituted for the variables aregi =
xk

i , the composition problem in the context of Cayley-Dixon construction was
analyzed in [18], where it was studied as support scaling. Under this setting, the
main result of that paper coincides with Theorem 2. Results presented here are
thus a strict generalization.

A new resultant formula has also been derived for multi-univariate composi-
tion of n-degree systems.
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